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The Lambek Calculus with the Unit Constant (L1)

A→ A
(id)

Π→ A ∆1,B,∆2 → C

∆1,B /A,Π,∆2 → C
(/→)

Π,A→ B

Π→ B /A
(→ /)

Π→ A ∆1,B,∆2 → C

∆1,Π,A \B,∆2 → C
(\ →)

A,Π→ B

Π→ A \B
(→ \)

∆1,A,B,∆2 → C

∆1,A · B,∆2 → C
(· →)

Π1 → A Π2 → B
Π1,Π2 → A · B (→ ·)

∆1,∆2 → C

∆1, 1,∆2 → C
(1→) → 1

(→ 1)



Lambek Grammar

John loves Mary

L1 ` np (np \ s) / np np → s

the girl whom

i

John loves

[]i
L1 ` np / n n (n \ n) /(s / np) np (np \ s) / np → np︸ ︷︷ ︸

→ s / np
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Lambek Grammar

John loves Mary
L1 ` np (np \ s) / np np → s

the girl whomi John loves []i
L1 ` np / n n (n \ n) /(s / np) np (np \ s) / np → np︸ ︷︷ ︸
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Extending Lambek Grammar: Multiple Extraction

the person whom

i

the friends of

[]i

admire

[]i
. . . (n \ n) /(s / !np) ︸ ︷︷ ︸

→ s / !np

(Sub)exponential:

∆1,A,∆2 → C

∆1, !A,∆2 → C
(!→)

∆1, !A, !A,∆2 → C

∆1, !A,∆2 → C
(contr)

∆1, !A,∆2,∆3 → C

∆1,∆2, !A,∆3 → C
(perm1)

∆1,∆2, !A,∆3 → C

∆1, !A,∆2,∆3 → C
(perm2)
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Extending Lambek Grammar: Iterated Coordination

John, Bill, Mary, and Suzy
np np np np∗ \ np / np np → np

Kleene star:

Γ1 → A . . . Γn → A
Γ1, . . . , Γn → A∗

(→∗)n
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The Extended Calculus
(id) (\ →) (→ \) (/→) (→ /) (· →) (→ ·) (1→) (→ 1)

∆1,A,∆2 → C

∆1, !A,∆2 → C
(!→)

!A1, . . . , !An → C

!A1, . . . , !An → !C
(→ !)

∆1, !A,∆2,∆3 → C

∆1,∆2, !A,∆3 → C
(perm1)

∆1,∆2, !A,∆3 → C

∆1, !A,∆2,∆3 → C
(perm2)

∆1, !A, !A,∆2 → C

∆1, !A,∆2 → C
(contr)

∆1,∆2 → C

∆1, !A,∆2 → C
(weak)

Γ,An,∆→ C for all n ≥ 0

Γ,A∗,∆→ C
(∗→)ω

Γ1 → A . . . Γn → A
Γ1, . . . , Γn → A∗

(→∗)n

Theorem
The cut rule, Π→A ∆1,A,∆2→C

∆1,Π,∆2→C , is admissible.



Complexity

Some linguistically motivated extensions of L1 look natural and
harmless, but lead to high complexity!

! and ∗ Π0
2-hard (Π1

1-complete?)

! r.e.-complete [P. Lincoln, J. Mitchell, A. Scedrov, N. Shankar 1992;

M. Kanovich, S. K., A. Scedrov 2016]

∗, ∩, and ∪ Π0
1-hard [W. Buszkowski, E. Palka 2008]

pure L1 NP-complete [M. Pentus 2003]

∗ ?

Technique: encoding Lambek theories using the (sub)exponential
connectives. For ∗ use results of D. Kozen on Horn theories for
Kleene algebra.

Finite systems (for example, cyclic proofs) are strictly weaker...
and are worth studying.
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