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INGREDIENTS OF THIS RESEARCH

(1) The class Irr of all irreflexive (general) frames which
consist of only irreflexive points (o)

(2) Cyclic axioms (Cycl(n) :=p — O"Op for n > 0)
(3) A criterion for a modal algebra to be s.i.
(4) Well-known facts on the logic L(o)

(5) Splitting of a lattice of normal modal logics
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TWO ONE-POINT FRAMES AND THEIR ALGEBRAS

The frame of one reflexive point ¢ = algebra 2"

The frame of one irreflexive point o = algebra 2°
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IRREFLEXIVE FRAMES

F = (W, R, P): a (general) frame
(1) A point a € W is irreflexive if aRa does not hold.

(2) A frame F is irreflexive if every point in F is
irreflexive.

(3) Every irreflexive point is drawn by a circle (o).

(4) Irris the class of all irreflexive (general) frames.
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CYCLIC AXIOMS

Cycl(n):=p — 0"Cp for n > 0
For a frame F,

F = Cycl(n)

& F E Vg, a1, ... ,xn(zoleRm Ry, = anxo)
& Fis n-cyclic.

== Note ==

Cycl(0) = T, Cycl(1) = B.
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SUBDIRECTLY IRREDUCIBLE MODAL ALGEBRA

For a non-trivial modal algebra 20 = (A, N, U, —, 0,0, 1),

2 is subdirectly irreducible
< Jd(#1) € A\Va(#£1) € A, In € w s.t.

rNOzrND?zn.---NO0 <d
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THE LOGIC OF A SINGLE IRREFLEXIVE POINT

Two famous facts on the logic L(o)
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THE LOGIC OF A SINGLE IRREFLEXIVE POINT

Two famous facts on the logic L(o)

Theorem (D. Makinson (1971))

For any consistent modal logic L, either L C L(e) or
L C L(o) holds. O
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THE LOGIC OF A SINGLE IRREFLEXIVE POINT

Two famous facts on the logic L(o)

Theorem (D. Makinson (1971))

For any consistent modal logic L, either L C L(e) or
L C L(o) holds. O

Proposition

(KD, L(0)) is a splitting pair of the lattice NEXT(K). O

* D:=OT
FED < FE Vedy(zRy) (seriality).
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SPLITTING

= Definition =

L:= (L, V,0,1):

a complete lattice

a € L splits L if there exists

be Lst. forany x € L,

either x < a or b < x, but b
not both.

Such a pair (b, a) is called a

splitting pair of L.

Figure: A splitting of a
complete lattice £
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OUR ORIGINAL QUESTION (1)

Question

What kind of modal logics are located under L(o) in
NExT(K) ?
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OUR ORIGINAL QUESTION (1)

Question

What kind of modal logics are located under L(o) in
NExT(K) ?

= A consideration =

(Case 1) If o is a p-morphic image of F, then L(F) C L(o).

(Case 2) If o is isomorphic to a generated subframe of some
points in F, then L(F) C L(o).

(Case 3) If o is contained as a disjoint component in F,
then L(F) C L(o).
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OUR ORIGINAL QUESTION (2)

Then,
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OUR ORIGINAL QUESTION (2)

Then,

Question

What kind of modal logics are located under L(o) in
NExT(KB) ?

* o is an irreflexive frame for B
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OUR ORIGINAL QUESTION (2)

Then,

Question

What kind of modal logics are located under L(o) in
NExT(KB) ?

* o is an irreflexive frame for B

= A consideration =

(Case 1) If o is a p-morphic image of F, then L(F) C L(o).

(Case 2) If o is isomorphic to a generated subframe of some
points in F, then L(F) C L(o).

(Case 3) If o is contained as a disjoint component in F,
then L(F) C L(o).
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SITUATION OVER KB 1S LIKE THAT?

® ... the INCONSIS

L(o)

Logics here are of the form:
L(o)NM
with some logic M above KB?

KB

Figure: NExt(KB)
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A REMARK ON THE ALGEBRA 2'

Let A be a non-trivial s.i. modal algebra. Suppose 00 = 1
inA. Then for any x € A, if x # 1, then x = 0.

Proof:
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A REMARK ON THE ALGEBRA 2'

Let A be a non-trivial s.i. modal algebra. Suppose 00 = 1
inA. Then for any x € A, if x # 1, then x = 0.

Proof: Since 0 <y for any y € A, 1 = 00 < Oy.
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A REMARK ON THE ALGEBRA 2'

Let A be a non-trivial s.i. modal algebra. Suppose 00 = 1
inA. Then for any x € A, if x # 1, then x = 0.

Proof: Since 0 <y for any y € A, 1 = 00 < Oy.
Take any z(# 1) € A. Because 2 is s.i., there is
d(# 1) € A, for this z, there is a number n s.t.
rNOzrNO%zN---NO% < dholds. Thus z < d.
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A REMARK ON THE ALGEBRA 2'

Let A be a non-trivial s.i. modal algebra. Suppose 00 = 1
inA. Then for any x € A, if x # 1, then x = 0.

Proof: Since 0 <y for any y € A, 1 = 00 < Oy.
Take any z(# 1) € A. Because 2 is s.i., there is
d(# 1) € A, for this z, there is a number n s.t.
rNOzrNO%zN---NO% < dholds. Thus z < d.
Suppose —d # 1. Then for some number m,
—dNO—-dnN---NAOm™—d < d, and so, —d < d.
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A REMARK ON THE ALGEBRA 2'

Let A be a non-trivial s.i. modal algebra. Suppose 00 = 1
inA. Then for any x € A, if x # 1, then x = 0.

Proof: Since 0 <y for any y € A, 1 = 00 < Oy.
Take any z(# 1) € A. Because 2 is s.i., there is
d(# 1) € A, for this z, there is a number n s.t.
rNOzrNO%zN---NO% < dholds. Thus z < d.
Suppose —d # 1. Then for some number m,
—dNO—-dnN---NAOm™—d < d, and so, —d < d.
Butl=dU—-d <dUd = d. Contradiction.
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A REMARK ON THE ALGEBRA 2'

Let A be a non-trivial s.i. modal algebra. Suppose 00 = 1
inA. Then for any x € A, if x # 1, then x = 0.

Proof: Since 0 <y for any y € A, 1 = 00 < Oy.

Take any z(# 1) € A. Because 2 is s.i., there is

d(# 1) € A, for this z, there is a number n s.t.
rNOzrNO%zN---NO% < dholds. Thus z < d.

Suppose —d # 1. Then for some number m,
—dNO—-dnN---NAOm™—d < d, and so, —d < d.
Butl=dU—-d <dUd = d. Contradiction.

Hence x = 0. a
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A REMARK ON THE ALGEBRA 2

Let A be a non-trivial s.i. modal algebra. Suppose 00 = 1
inA. Then for any x € A, if x # 1, then x = 0.

Proof: Since 0 <y for any y € A, 1 = 00 < Oy.

Take any z(# 1) € A. Because 2 is s.i., there is

d(# 1) € A, for this z, there is a number n s.t.
rNOzrNO%zN---NO% < dholds. Thus z < d.

Suppose —d # 1. Then for some number m,
—dNO—-dnN---NAOm™—d < d, and so, —d < d.
Butl=dU—-d <dUd = d. Contradiction.

Hence x = 0. a

2¢ is the only s.i. algebra which satisfies 00 = 1.




SITUATION OVER KB

Let A be a non-trivial s.i. algebra for Cycl(1)= B. Suppose
Ol #1inA. Then 00 = 1.

Proof:
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SITUATION OVER KB

Let A be a non-trivial s.i. algebra for Cycl(1)= B. Suppose
Ol #1inA. Then 00 = 1.

Proof: Since 2 is s.i., there is d(# 1) € A, for the ©1, there
is a number n s.t.
&1NOC1INO201N---NO"¢1 < d holds.
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SITUATION OVER KB

Let A be a non-trivial s.i. algebra for Cycl(1)= B. Suppose
Ol #1inA. Then 00 = 1.

Proof: Since 2 is s.i., there is d(# 1) € A, for the ©1, there
is a number n s.t.

C1NOe1NO*01N---NO"C1 < d holds.

Because of B, ©1 < d.
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SITUATION OVER KB

Let A be a non-trivial s.i. algebra for Cycl(1)= B. Suppose
Ol #1inA. Then 00 = 1.

Proof: Since 2 is s.i., there is d(# 1) € A, for the ©1, there
is a number n s.t.

C1NOe1NO*01N---NO"C1 < d holds.

Because of B, ©1 < d.

Suppose 00 # 1. Then for some number m,
00No20N---NO™0 < d, and so, 00 < d.
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SITUATION OVER KB

Let A be a non-trivial s.i. algebra for Cycl(1)= B. Suppose
Ol #1inA. Then 00 = 1.

Proof: Since 2 is s.i., there is d(# 1) € A, for the ©1, there
is a number n s.t.

O1NOo1NO%2o1N---NO"C1 < d holds.

Because of B, ©1 < d.

Suppose 00 # 1. Then for some number m,
00No20N---NO™0 < d, and so, 00 < d.

—d < —00 = ¢1 < d. Contradiction.
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SITUATION OVER KB

Let A be a non-trivial s.i. algebra for Cycl(1)= B. Suppose
Ol #1inA. Then 00 = 1.

Proof: Since 2 is s.i., there is d(# 1) € A, for the ©1, there
is a number n s.t.

O1NOo1NO%2o1N---NO"C1 < d holds.

Because of B, ©1 < d.

Suppose 00 # 1. Then for some number m,
00No20N---NO™0 < d, and so, 00 < d.

—d < —00 = ¢1 < d. Contradiction.

Hence 00 = 1. O
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SITUATION OVER KB

Let A be a non-trivial s.i. algebra for Cycl(1)= B. Suppose
Ol #1inA. Then 00 = 1.

Proof: Since 2 is s.i., there is d(# 1) € A, for the ©1, there
is a number n s.t.

O1NOo1NO%2o1N---NO"C1 < d holds.

Because of B, ©1 < d.

Suppose 00 # 1. Then for some number m,
00No20N---NO™0 < d, and so, 00 < d.

—d < —00 = ¢1 < d. Contradiction.

Hence 00 = 1. O

This means that (KDB, L(0)) is a splitting pair over KB!
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LATTICE-MAPPING

Define maps ¢ and 7 in the following:

o : NEXT(KDB) — [KB,L(o)]

o(L) :=LNL(o)

7 : [KB,L(o)] = NExT(KDB)

(M) =MV KDB

/ lyaza 1 The Structure of the Lattice of Normal Modal Logics



LATTICE-MAPPING

Define maps ¢ and 7 in the following:

o : NEXT(KDB) — [KB,L(o)]

o(L) :=LNL(o)

7 : [KB,L(o)] = NExT(KDB)

(M) =MV KDB

Show that ¢ is an isomorphism!
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LATTICE-HOMOMORPHISM
o 18 a lattice-homomorphism. l

Proof: For logics Ly, Ly € NEXxT(KDB),

O'(L1 N Lg) = L1 N LQ N L(O)
— Ly NL(e) N Ly NL(o)
= o(Ly)No(Ly)

U(Ll vV Lg) = (Ll V Lg) N L(O)
= (LinL(o)) Vv (LyNL(0))
= o(Ly) Vo(Ly)
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KB = KDB N L(o)

Proof:

tructure of the Lattice of Normal Modal Logics



o IS ONTO

KB = KDB N L(o)

Proof: KB C KDB N L(o) is obvious.
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o IS ONTO

KB = KDB N L(o)

Proof: KB C KDB N L(o) is obvious.
Suppose ¢ ¢ KB for some formula ¢. Then there is a
frame F for B, a valuation V on F and a point a in F s.t.

(F, V) Fa o
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o IS ONTO

KB = KDB N L(o)

Proof: KB C KDB N L(o) is obvious.
Suppose ¢ ¢ KB for some formula ¢. Then there is a
frame F for B, a valuation V on F and a point a in F s.t.

(F: V) Fa -
If this F is for D (serial), then ¢ ¢ KDB.
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o IS ONTO

KB = KDB N L(o)

Proof: KB C KDB N L(o) is obvious.

Suppose ¢ ¢ KB for some formula ¢. Then there is a
frame F for B, a valuation V on F and a point a in F s.t.
(F, V) Fa o

If this F is for D (serial), then ¢ ¢ KDB.

Otherwise, F must have some endpoints.
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o IS ONTO

KB = KDB N L(o)

Proof: KB C KDB N L(o) is obvious.

Suppose ¢ ¢ KB for some formula ¢. Then there is a
frame F for B, a valuation V on F and a point a in F s.t.
(F, V) Fa o

If this F is for D (serial), then ¢ ¢ KDB.

Otherwise, F must have some endpoints.

But, due to B, any endpoint in F is isolated!

The Structure of the Lattice of Normal Modal Logics



o IS ONTO

KB = KDB N L(o)

Proof: KB C KDB N L(o) is obvious.

Suppose ¢ ¢ KB for some formula ¢. Then there is a
frame F for B, a valuation V on F and a point a in F s.t.
(F, V) Fa o

If this F is for D (serial), then ¢ ¢ KDB.

Otherwise, F must have some endpoints.

But, due to B, any endpoint in F is isolated!

If the point a is an endpoint, ¢ & L(o).
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o IS ONTO

KB = KDB N L(o)

Proof: KB C KDB N L(o) is obvious.

Suppose ¢ ¢ KB for some formula ¢. Then there is a
frame F for B, a valuation V on F and a point a in F s.t.
(F, V) Fa o

If this F is for D (serial), then ¢ ¢ KDB.

Otherwise, F must have some endpoints.

But, due to B, any endpoint in F is isolated!

If the point a is an endpoint, ¢ & L(o).

If @ is not an endpoint, the subframe F' of F generated by
a is serial, so ¢ ¢ KDB.
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o IS ONTO

KB = KDB N L(o)

Proof: KB C KDB N L(o) is obvious.

Suppose ¢ ¢ KB for some formula ¢. Then there is a
frame F for B, a valuation V on F and a point a in F s.t.
(F, V) Fa o

If this F is for D (serial), then ¢ ¢ KDB.

Otherwise, F must have some endpoints.

But, due to B, any endpoint in F is isolated!

If the point a is an endpoint, ¢ & L(o).

If @ is not an endpoint, the subframe F' of F generated by
a is serial, so ¢ ¢ KDB.

Hence ¢ ¢ KDB N L(0), and so, KB D KDB N L(o) O
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o IS ONTO
o 18 onto. I

Proof: For any M € [KB, L(o)],

o(r(M)) = (MVKDB)NL(o)
— (MNL(o))V (KDBNL())
= MVKB
= M

Hence o is onto. O
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o IS ONE TO ONE

o 1S one to one.

Proof:




o IS ONE TO ONE
o 1S one to one. I

Proof: Suppose L; € Ly for L, Ly € NEXxT(KDB).
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o IS ONE TO ONE
o 1S one to one. I

Proof: Suppose L; € Ly for L, Ly € NEXxT(KDB).
Then, ¢ € Ly, ¢ ¢ Ly for some ¢.
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o IS ONE TO ONE
o 1S one to one. I

Proof: Suppose L; € Ly for L, Ly € NEXxT(KDB).

Then, ¢ € Ly, ¢ ¢ Ly for some ¢.

Then, there is a frame F = (W, R, P) for Ly, a valuation V'
on F, and a point a € W s.t. (F, V) &, .
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o IS ONE TO ONE
o 1S one to one. l

Proof: Suppose L; € Ly for L, Ly € NEXxT(KDB).

Then, ¢ € Ly, ¢ ¢ Ly for some ¢.

Then, there is a frame F = (W, R, P) for Ly, a valuation V'
on F, and a point a € W s.t. (F, V) &, .

Now, F is serial and symmetric, there exists a point b € W,

s.t. oy and R,.
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o IS ONE TO ONE
o 1S one to one. l

Proof: Suppose L; € Ly for L, Ly € NEXxT(KDB).

Then, ¢ € Ly, ¢ ¢ Ly for some ¢.

Then, there is a frame F = (W, R, P) for Ly, a valuation V'
on F, and a point a € W s.t. (F, V) &, .

Now, F is serial and symmetric, there exists a point b € W,
s.t. oy and R,.

Then, in this model, a = ¢ and also, a = OOgp.
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o IS ONE TO ONE
o 1S one to one. l

Proof: Suppose L; € Ly for L, Ly € NEXxT(KDB).

Then, ¢ € Ly, ¢ ¢ Ly for some ¢.

Then, there is a frame F = (W, R, P) for Ly, a valuation V'
on F, and a point a € W s.t. (F, V) &, .

Now, F is serial and symmetric, there exists a point b € W,
s.t. oy and R,.

Then, in this model, a = ¢ and also, a = OOgp.

Thus (F, V) . ¢V OO,
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o IS ONE TO ONE
o 1S one to one. l

Proof: Suppose L; € Ly for L, Ly € NEXxT(KDB).

Then, ¢ € Ly, ¢ ¢ Ly for some ¢.

Then, there is a frame F = (W, R, P) for Ly, a valuation V'
on F, and a point a € W s.t. (F, V) &, .

Now, F is serial and symmetric, there exists a point b € W,
s.t. oy and R,.

Then, in this model, a = ¢ and also, a = OOgp.

Thus (F, V) . ¢V OO,

Hence ¢ V O0p ¢ Ly N L(o).
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On the other hand,
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On the other hand,
Ol — 0Odp € K C L(o). So, OOy € L(o).
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On the other hand,
Ol — 0Odp € K C L(o). So, OOy € L(o).
Therefore, ¢ V OO0y € L; N L(o).
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On the other hand,

Ol — 0Odp € K C L(o). So, OOy € L(o).
Therefore, ¢ V OO0y € L; N L(o).

Thus, (L) = Ly NL(o) €= Ly N L(0) = o(Ly).

This means that o is one to one. O
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REsuLT oN NEXT(KB)

We have shown the following:
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A REesurLTr oN NExT(KB)

We have shown the following:

[KB, L(o)] is isomorphic to NEXT(KDB).
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A REesurLTr oN NExT(KB)

We have shown the following:

[KB, L(o)] is isomorphic to NEXT(KDB). O

The “onto” lemma says that for any M € [KB, L(o)],
there exists L € NEXT(KDB), s.t. M = LN L(o).
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A REesurLTr oN NExT(KB)

We have shown the following:

[KB, L(o)] is isomorphic to NEXT(KDB). O

The “onto” lemma says that for any M € [KB, L(o)],
there exists L € NEXT(KDB), s.t. M = LN L(o).

This answers the original question.
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KD(Cycl(1)

KCycl(1)

Figure: The structure of NEXT(KCycl(1))
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KD(Cycl(1)

KCycl(1)

Figure: The structure of NEXT(KCycl(1))

NExT(KB) looks like a two-story building!
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GENERALIZATION TO NEXT(KCycl(2))
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GENERALIZATION TO NEXT(KCycl(2))

12 3 Kk 1 2 3 Kk
vooo W M .....
7. Too

Figure: Irreflexive frames for KCycl(2)
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GENERALIZATION TO NEXT(KCycl(2))

1 2 3 k 1 2 3 k
\/ W W """
I Too
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SERIAL AXIOMS

D, =0"CT forn >0
For a frame F,

FED,

& FE Vg, xq, ... ,acn(ngIllfix2 Ry, = (Jy st InRy))
& F is n-serial.

== Note ==

D(]:D.
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A SPLITTING THEOREM IN NEXT(KCycl(2))

For any k > 1, (KDoCycl(2) NL(Z;_1),L(Zy)) is a
splitting pair in NEXT(KCycl(2)). O
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IsoMmORPHISM THEOREM IN NEXT(KCycl(2))

NExT(KDyCycl(2)) is isomorphic to the interval
[KD,Cycl(2) N L(Zy), L(Zy)] for each k > 0. O
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KD()CyCI(Q)

KD, Cycl(2)
= KD, Cycl(2) N L(Z)
KD()CyCl(Q) n L(Il)

' L(Zy—1)
L(Z;)
KD, Cycl(2) N L(Z;_1)
% L(Zis1)
KDCycl(2) NL(Z;,) Q

KDOCycl(Q) n L(Ik+1)

KCycl(2) = KD(Cycl(2) N L(Z)

Figure: The structure of NExT(KCycl(2))
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Facts oN NEXT(KCycl(1)) AND NExT(KCycl(2))

(1) There is an essential lattice structure of logics at the
top-most part of NEXT(KCycl(1)) and
NEXT(KCycl(2)).

(2) That rest part has a repeated structure of the essential
part.
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CONJECTURE ON NEXT(KCycl(n)) FOR n > 1

B,,: an essential lattice sturucture of logics in
NExT(KCycl(n))

Zrr, :={L(C) € NExT(KCycl(n)) |

C is a class of some irreflexive frames}
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CONJECTURE ON NEXT(KCycl(n)) FOR n > 1

B,,: an essential lattice sturucture of logics in
NExT(KCycl(n))

Zrr, :={L(C) € NExT(KCycl(n)) |

C is a class of some irreflexive frames}

NExT(KCycl(n)) = B, x Zrr,

for every n > 17
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A SPLITING OVER KCycl(n): (n >1)

Let 2 be a non-trivial s.i. algebra for Cycl(n) = p — O"p.
Suppose O"~1O1 #£ 1 in A. Then O"0 = 1. O
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A SPLITING OVER KCycl(n): (n >1)

Theorem

Let A be a non-trivial s.i. algebra for Cycl(n) = p — O"Op.

Suppose O"~1O1 #£ 1 in A. Then O"0 = 1. O
(KCycl(n)D,,_1,L(Ch,)) is a splitting pair in
NExT(KCycl(n)). O
bo b1 b2 b3 bn—Q bnfl
O ...... = O = O
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