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LANGUAGE el
Ti=Xx | n4+7n | nem
A
pu=a=b| =7 | 7<7 | e=¢ | Ple,a, 1) |

@ | oA | 3xe | Jap | Jep

We can define inertiality and all the causal relations:

e<e & 3a3x,y(Ple,a,x) AP(¢,a,y) Ax <) €
ere ¥ o <o AVe,eh(er K e Aer < ey L ep — e K ep)

e<e & o< verd

In(a) & (Ve, e’ € wline,)(Vb € D. N D,s) |a(e) —a(e’)| > |b(e) — b(e')|



L,9 Math, Cont, Ext Chronology, Ping Full Secant, LocExp Round: TT -eq, metric Tarski axioms Coord. Axioms SpecRel

[ Je] [e]e) 0000 00000000 000000000 00 [} 0000
/
LANGUAGE el
Ti=Xx | n4+7n | nem
A

"I 7<7 | e=é | Ple,a,T) |

@ | oA | 3xe | Jap | Jep

pu=a=b | =71

We can define inertiality and all the causal relations:

e<e & 3a3x,y(Ple,a,x) AP(¢,a,y) Ax <) €
ere E o <e AVe,eh(er K e Aer < ey L ep — e K ep)
e<e & o< verd
In(a) & (Ve, e’ € wline,)(Vb € D. N D,s) |a(e) —a(e’)| > |b(e) — b(e')|
ale) =1 & P(a,e, T) et , ,
efa & IxP(a, e, x) < e/ z ¢ <<le ve :,e
wline, % {e:3xP(a,e,x)} ese z efeve=e
def e<e & e<éVe=¢
D. = {a:3xP(a,e,x)} T aef
a~b ¥ Ve(eEa < eED) aes = afehefeiases

D,: domain of event e a = b: cohabitation ejepe; : dir. lightlike betweenness
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INTENDED MODELS

f)ﬁc = (R4’ Ca Ra <£mcy Inmc+a ) S? Pgﬁ[)

C is the set of those a : R* » R partial functions, for which o l-s are
timelike curves that follows the measure system of R*, i.e.,

e o '-s are continuously differentiable functions on R w.r.t.

Euclidean metric:
o (a1) is timelike: po (™)’ (x) > 0 forall x € R.

e Measure system of R*: (o' (x),a '(x +y)) =y forallx,y € R.

T <o 7 & w(X,¥) > 0and x1 < 11,
o [t def {aeC: a'isaline}
= {(F a,y) ER*x C xR 1 a¥) =y},

The non-accelerating intended model 91 is the largest submodel of 9t
whose domain of clocks is In™

0000
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MATHEMATICS AND CONTINUITY
AxReals The mathematical sort forms a Euclidean field; an ordered field with

square roots.

(x+y) +z=x+(y+2) oy -z=x-(y-2)
30 X4+0=x 31 rl=x
I(—x) x+(-x)=0 x#0— I xxl=1
Xy=y+x Y=y
x-(x+y) = (oY) +(x-2)
a<bAb<a—a=b a<b—at+c<b+c

a<bAnb<c—a<c
- - - a<bAN0<c—a-c<b-c
a<b—sb<a = = =

0<x—drr-r=x
AxContinuity Infimum axiom scheme that allows substitutions of arbitrary

formulas.

AWy ep)x<y— iy ep)i<yAVi(Wyep)i' <y—i<i)
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AxExt

We do not distinguish between (1) indistinguishable clocks, (2) states of a
particular clock in an event and (3) two events where a clock shows the same
time.

(1) Va,d (Ver(P(e,a,x) “ P(e,a',x))) - a=da
(2) Ve, e'Vavx (P(e,a,x) AP(e',a,x)) — e=¢

(3) Vevavx,y (P(e,a,x) AP(e,a,y)) — x=y

SpecRel
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Chronology, Ping
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AXCHRONOLOGY

Interiors of lightcones are filled with clocks crossing through the vertex, and
all the clocks are ticking in the same direction.

(1 RNy KesNes Rey) > er K ey

akKe —»eLKe

0000
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AXCHRONOLOGY

Interiors of lightcones are filled with clocks crossing through the vertex, and
all the clocks are ticking in the same direction.

(1 RNy KesNes Rey) > er K ey

akKe —»eLKe
RULE OF FORBIDDEN TRIANGLES
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AXCHRONOLOGY

Interiors of lightcones are filled with clocks crossing through the vertex, and
all the clocks are ticking in the same direction.

(1 RNy KesNes Rey) > er K ey

akKe —»eLKe
RULE OF FORBIDDEN TRIANGLES

AxChronology

Contradiction

0000
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AXCHRONOLOGY

Interiors of lightcones are filled with clocks crossing through the vertex, and
all the clocks are ticking in the same direction.

(1 RNy KesNes Rey) > er K ey

akKe —»eLKe
RULE OF FORBIDDEN TRIANGLES

AxChronology

Contradiction

COROLLARY: If a (not necessarily inertial) clock can radar an event, then the
elapsed time (distance) is unique.
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AXPING

Every inertial clock can send and receive a signal to any event.
(Va € In)Ve(Zer, e2 € wline,) e1sese

a
362

Ve

E|€1
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AXPING

Every inertial clock can send and receive a signal to any event.
(Va € In)Ve(Zer, e2 € wline,) e1sese

a
362

Ve

E|€1

COROLLARY: By AxChronology, §'(a,e) = 7 is a total function
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KRONHEIMER-PENROSE AXIOMS

(1 Zexhex <ezsNes Ses) = e1 <es AXCHRONOLOGY
e K e — ey KL e AXCHRONOLOGY
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KRONHEIMER-PENROSE AXIOMS

(1 Zexhex <ezsNes Ses) = e1 <es AXCHRONOLOGY
e K e — ey KL e AXCHRONOLOGY
(1 <2 Nex K e3) — e K es e1 #eand es = ey
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KRONHEIMER-PENROSE AXIOMS

(1 XexNex<esNhes <es) e <es AXCHRONOLOGY
e KL e— e K e AXCHRONOLOGY
(1 <2 Nex K e3) — e K es e1 #eyand ez = ey
(1 K erNey <e3) el K es e1 =eyande; # ey
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KRONHEIMER-PENROSE AXIOMS

(1 XexNex<esNhes <es) e <es AXCHRONOLOGY

e KL e— e K e AXCHRONOLOGY
(1 <2 Nex K e3) — e K es e1 #eyand ez = ey
(1 K eraNey <e3) > er < e e1 =eyande; # ey

Transitivity of causality < means the following;:

erseVe K e
erse3 Ve Kes
esesVe Kes

Here we have:
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KRONHEIMER-PENROSE AXIOMS

(1 XexNex<esNhes <es) e <es AXCHRONOLOGY

e KL e— e K e AXCHRONOLOGY
(1 <2 Nex K e3) — e K es e1 #eyand ez = ey
(1 K eraNey <e3) > er < e e1 =eyande; # ey

Transitivity of causality < means the following;:

erseVe K e
erse3 Ve Kes
esesVe Kes

Here we have:

a<KeoNepKes =>e Kes AXCHRONOLOGY
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KRONHEIMER-PENROSE AXIOMS

(1 XexNex<esNhes <es) e <es AXCHRONOLOGY

e KL e— e K e AXCHRONOLOGY
(1 <2 Nex K e3) — e K es e1 #exandes = ey
(1 K eraNey <e3) > er < e e1 =eyande; # ey

Transitivity of causality < means the following;:

erseVe K e
erse3 Ve Kes
esesVe Kes

Here we have:

a<KeoNepKes =>e Kes AXCHRONOLOGY
e1ferNeyLes=>e K63 AXCHRONOLOGY
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KRONHEIMER-PENROSE AXIOMS

(1 XexNex<esNhes <es) e <es AXCHRONOLOGY

e KL e— e K e AXCHRONOLOGY
(1 <2 Nex K e3) — e K es e1 #exandes = ey
(1 K eraNey <e3) > er < e e1 =eyande; # ey

Transitivity of causality < means the following;:

erseVe K e
erse3 Ve Kes
esesVe Kes

Here we have:

KL Nn KL =>e K63 AXCHRONOLOGY
e1ferNeyLes=>e K63 AXCHRONOLOGY
gL e Nerses=>e Kes3 AXCHRONOLOGY
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KRONHEIMER-PENROSE AXIOMS

(1 XexNex<esNhes <es) e <es AXCHRONOLOGY

e KL e— e K e AXCHRONOLOGY
(e1<exner <e3) = el < e e1 #erandes = ey
(1 <eanNe <e) e <es e1 =eyande; # ey ve!
2
Transitivity of causality < means the following;:
erseVe K e Vel
e e Ve Ke3 3
e1fesVe Kes
Here we have: €3
a<KeoNepKes =>e Kes AXCHRONOLOGY /
erfehe <Les=e < e; AXCHRONOLOGY 2
gL e Nerses=>e Kes3 AXCHRONOLOGY
(172 ANerfes A—er < es) = e1fes  see the figure el

(By transitivity of < we know that every e] in the timelike future of e3 and e;
is in the timelike future of e; and ¢;.)
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KRONHEIMER-PENROSE AXIOMS

(1 XexNex<esNhes <es) e <es AXCHRONOLOGY

e KL e— e K e AXCHRONOLOGY
(1 <2 Nex K e3) — e K es e1 #exandes = ey
(1 K eraNey <e3) > er < e e1 =eyande; # ey

Transitivity of causality < means the following;:

erseVe K e
erse3 Ve Kes
esesVe Kes

Here we have: es3
a<KeoNepKes =>e Kes AXCHRONOLOGY
e1ferNeyLes=>e K63 AXCHRONOLOGY
gL e Nerses=>e Kes3 AXCHRONOLOGY

(e1re2 Nexses A ey < e3) = e1 ez see the figure
(By transitivity of < we know that every e] in the timelike future of e3 and e;
is in the timelike future of e; and ¢;.)
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STRAIGHT SIGNALS ARRIVE SOONER

Vaver, ez, e, ¢’ (e€aNe'EaNerseNer ferre’) — ale)

IN

VaVer,ex, e, e (e€ane'Eane rex Neserzer) — ale)

IN

Indirectly by the Kronheimer-Penrose axioms.

000000000 OO [©] 0000

€1 el
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STRAIGHT SIGNALS ARRIVE SOONER

Vaver, ez, e, ¢’ (e€aNe'EaNerseNer ferre’) — ale)

IN

VaVer,ex, e, e (e€ane'Eane rex Neserzer) — ale)

IN

Indirectly by the Kronheimer-Penrose axioms.

000000000 OO [©] 0000

€1 el
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STRAIGHT SIGNALS ARRIVE SOONER

Vaver, ez, e, ¢’ (e€aNe'EaNerseNer ferre’) — ale)

IN

VaVer,ex, e, e (e€ane'Eane rex Neserzer) — ale)

IN

Indirectly by the Kronheimer-Penrose axioms.

000000000 OO [©] 0000

€1 el
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STRAIGHT SIGNALS ARRIVE SOONER

Vaver, ez, e, ¢’ (e€aNe'EaNerseNer ferre’) — ale)

IN

VaVer,ex, e, e (e€ane'Eane rex Neserzer) — ale)

IN

Indirectly by the Kronheimer-Penrose axioms.

000000000 OO [©] 0000

€1 el
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STRAIGHT SIGNALS ARRIVE SOONER ¢
(]
e
e ¢
(4] el
e
Vaver, ez, e,¢'(e€aNe'EaNerseNerferre’) — ale) < a(e)
Vaver, e, e, ¢’ (e€ane'Eane ses Neserse) — a(e) < ale)
Indirectly by the Kronheimer-Penrose axioms. ¢
e/
el €2
e1 e
e



L, Math, Cont, Ext Chronology,ng Full Secant, LocExp Round: TT -eq, metric Tarski axioms Coord. Axioms SpecRel

(e]e] [e]e] (o] 00000000 000000000 OO [©] 0000
STRAIGHT SIGNALS ARRIVE SOONER ¢
(]
e
e ¢
(4] el
e
Vaver, ez, e,¢'(e€aNe'EaNerseNerferre’) — ale) < a(e)
Vaver, e, e, ¢’ (e€ane'Eane ses Neserse) — a(e) < ale)
Indirectly by the Kronheimer-Penrose axioms. ¢
e/
el €2
e1 e
e
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(]
e
e ¢
(4] el
e

Vaver, ez, e,¢'(e€aNe'EaNerseNerferre’) — ale) < a(e)

Vaver, e, e, ¢’ (e€ane'Eane ses Neserse) — a(e) < ale)

Indirectly by the Kronheimer-Penrose axioms. ¢

e/
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AXFULL, AXSECANT, AXLOCEXP

AxFull: ﬁvery number occurs as a state of any clock in an
event.
Vavx3e P(e,a,x)
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AXFULL, AXSECANT, AXLOCEXP o
AxFull: Efvery number occurs as a state of any clock in an
event. A
Vavx3de P(e,a,x) 3
AxSecant: Any two events that share a clock share an in-
ertial clock as well. e

e< e — (JacIn)(efa ne'Ea)
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AXFULL, AXSECANT, AXLOCEXP o
AxFull: Efvery number occurs as a state of any clock in an
event. A
Vavx3de P(e,a,x) 3
AxSecant: Any two events that share a clock share an in-
. a 3b
ertial clock as well. e

e<e — (FacIn)(efaneén)

x + 6'(a, b)
AxLocExp: For every inertial observer, there is a synchro-
nized inertial observer in any event.

X

syn
(Va € In)Ve3b eEb A atth
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AXFULL, AXSECANT, AXLOCEXP o
AxFull: Efvery number occurs as a state of any clock in an
event. A
Vavx3e P(e,a,x) 3
AxSecant: Any two events that share a clock share an in-
. a 3b
ertial clock as well. e

e<e — (FacIn)(efaneén)

x + 6'(a, b)
AxLocExp: For every inertial observer, there is a synchro-
nized inertial observer in any event.

X

syn
(Va € In)Ve3b eEb A atth
PROPOSITION: There is a clock in every event,

Vedc eEc

Let e be an arbitrary but fixed event.

Logical Tautology: Jaa = a.
AxFull: that a shows the number 0 in some event ¢.

AxSecant: There is an inertial clock a; in ¢y as well.

AxLocExp: There is an inertial comover c of g; in e as well.
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AxRound

Given comoving observers a, b and c, the travelling time of simultaneously
sent signals on the route (a, b, c,a) and (a, c, b, a) are (the same, namely,) the
average of the travelling time of the (a,c,a) and (4, b, c, b, a).

a A : a b C b
i 3176276’;78‘1 € wline, 61f81f€2f€3}€i a(ea) +a(ea)
bttattcA b eb e e wline, |A[ e refrebrel —a(e}) = %
ef, e € wline, el reise
e
&
° be
iy
C
b .62 ®c
a €
€
b c
€1 21 PP
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AxRound

Given comoving observers a, b and c, the travelling time of simultaneously
sent signals on the route (a, b, c,a) and (a, c, b, a) are (the same, namely,) the
average of the travelling time of the (a,c,a) and (4, b, c, b, a).

i i 3’{,6;,6@,8‘1 € Wlineﬂ eqfelijéé}ezé}di a(ea) +a(ea)
bttattcA b eb e e wline, |A[ e refrebrel —a(e}) = %
ef, e € wline, el reise
e

b
e
o’ ve
iy
. e .
€
b 2
M ei a </\/\/‘/\/\f

0000



J T
L,9 Math, Cont, Ext Chronology, Ping Full, Secant, LocExp Round: 11 -eq, metric Tarski axioms Coord. Axioms SpecRel
[e]e] [e]e) 0000 [} 00000000 000000000 00 [} 0000

AxRound

Given comoving observers a, b and c, the travelling time of simultaneously
sent signals on the route (a, b, c,a) and (a, c, b, a) are (the same, namely,) the
average of the travelling time of the (a,c,a) and (4, b, c, b, a).

i i quegvegvei € Wlineﬂ eqfeliéjéfel?’y}dl} a(eﬂ) +a(ea)
bttattcA éheb b ewline, |A| elreSrehrel —a(e}) = %
ef, e € wline, el reise
e P
03 bo\\ﬂ%
e % 2
oc) 3 ¢

b §
el efi- . ./\/\/\/J
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AxRound

Given comoving observers a, b and c, the travelling time of simultaneously
sent signals on the route (a, b, c,a) and (a, c, b, a) are (the same, namely,) the
average of the travelling time of the (a,c,a) and (4, b, c, b, a).

. ef, &, 65, ¢} € wline, dreres e e
i i s 62,63, - a eﬂ a ea
bratten| el el e wline, |A| s redse () = w
ef, e € wline, el reise
A
e
a ?gw 2
Ao,
3 3 V\i\\
€ 1 4 TN g
a €
€ ;
€1 ei a
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METRIC THEOREM

syn syn
11 is an equivalence relation and 8" is a(n U-relative) metric on 11 related
clocks, i.e.,

syn
atta
syn syn
aTtaz = ata
syn syn syn

mtaz A axttas = a1ttas

(5’(&1,&2) —+ 5i(a27a3) > 6i(a1,a3)

We prove these simultaneously.

Axioms SpecRel

[©]

0000
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syn

REFLEXIVITY OF 11, SELFDISTANCE=0

e Self-distance: By e 7e e we have 8'(a,e) = a(e) — a(e) = 0. The truth of
§'(a,a) = 0is trivially implied by that fact.
syn
e Reflexivity of 11: By the self-distance we have a(e) = a(e) + 0 whenever

syn
ese, so 11 is reflexive.
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syn .
SYMMETRY OF 11 AND ¢

Suppose that alsﬁaz.
a(e) + d'(a, b)

a(e) b

a a(e) — &' (a, b)

a(e) — 26'(a,b)
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IDENTITY OF INDISCERNIBLES
Take arbitrary iscm’s a; and a, for which &' (a1,a,) = 0, i.e.,

(Ve € wline,, ) (Jw:, ws € wliney, ) wy seswy A
a(wy) —ay(wy) =0
AxExt
but a(w1) = a1 (w>) = wy = ws.

e w;seandesw, = w is false by AxChronology
(transitivity and irreflexivity of causality).

® w; =es W, or wy = ey w; are impossible too since w; and w; share a.
(definition of )

So the only possiblity is that wy = e = w».
Since this is true for all e € wline,,,
syn
5 sym. AXExt, a; T1ay
wline,, C wline,, N wline,, = wline,, N m=a
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syn
TRANSITIVITY OF 1, TRIANGLE INEQUALITY

syn syn

syn
Asssume a1 Maxtasz. We hgve to show that a;114as, here az(e3) = x + dis.

X+ 612 + 023

If? =x+ b3,
then we have the
o triangle inequality
* from AxChronology
(Straight signals
arrive sooner.)
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syn
TRANSITIVITY OF 1, TRIANGLE INEQUALITY

syn syn

syn
Asssume a1 Maxtasz. We hgve to show that a;114as, here az(e3) = x + dis.

X+ 26
© X+ 612 + 023

If? =x+ b3,
then we have the
o triangle inequality
* from AxChronology
(Straight signals
arrive sooner.)
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syn
TRANSITIVITY OF 1, TRIANGLE INEQUALITY

syn syn

syn
Asssume a1 Maxtasz. We hgve to show that a;114as, here az(e3) = x + dis.

X+ 612 + 023

If? =x+ b3,
then we have the
o triangle inequality
* from AxChronology
(Straight signals
arrive sooner.)

X+ 2613 — 012 — 623
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syn
TRANSITIVITY OF 1, TRIANGLE INEQUALITY

syn syn

syn
Asssume a1 Maxtasz. We hgve to show that a;114as, here az(e3) = x + dis.

012 + 2023

X+ 612 + 023

If? =x+ b3,
then we have the
o triangle inequality
* from AxChronology
(Straight signals
arrive sooner.)

X+ 2613 — 012 — 623
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syn
TRANSITIVITY OF 1, TRIANGLE INEQUALITY

syn syn

syn
Asssume a1 Maxtasz. We hgve to show that a;114as, here az(e3) = x + dis.

X+ 2612 + 2623

? 4 012 + 623

X+ 612 + 023

If? =x+ b3,
then we have the
o triangle inequality
* from AxChronology
(Straight signals
arrive sooner.)

X+ 2613 — 012 — 623
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syn

TRANSITIVITY OF 1, TRIANGLE INEQUALITY

syn syn

syn
Asssume a1 Maxtasz. We hgve to show that a;114as, here az(e3) = x + dis.

X+ 2612 + 2623

? 4 012 + 623

AxRound

X+ 26
© X+ 612 + 023

If? =x+ b3,

then we have the

o triangle inequality

* from AxChronology
(Straight signals
arrive sooner.)

X+ 2613 — 012 — 623
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NO CLOCK HAS TWO ISCMS AT THE SAME EVENT

syn syn
(Va € In)Ve(Var,a, € D) aittattar, = a1 =a
Let e € wline,, N wline,, be arbitrary but fixed. Let a; and a, be inertial
comovers of a occurring at e.

syn syn

® Transitivity T’r st az.

0000
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NO CLOCK HAS TWO ISCMS AT THE SAME EVENT

syn syn
(Va € In)Ve(Var,a, € D) aittattar, = a1 =a
Let e € wline,, N wline,, be arbitrary but fixed. Let a; and a, be inertial
comovers of a occurring at e.

syn syn

® Transitivity T’r st az.
e Selfdistance: &'(a1,e) = §'(az,e) = 0.
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NO CLOCK HAS TWO ISCMS AT THE SAME EVENT

syn syn
(Va € In)Ve(Var,a, € D) aittattar, = a1 =a
Let e € wline,, N wline,, be arbitrary but fixed. Let a; and a, be inertial
comovers of a occurring at e.
syn syn
e Transitivity t1: a11az.
e Selfdistance: &'(a1,e) = §'(az,e) = 0.

syn )
e Since 4,114, implies comovement, i.e., constant distance: ¢'(a1,a2) = 0.
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NO CLOCK HAS TWO ISCMS AT THE SAME EVENT

syn syn
(Va € In)Ve(Var,a, € D) aittattar, = a1 =a

Let e € wline,, N wline,, be arbitrary but fixed. Let a; and a, be inertial
comovers of a occurring at e.

syn syn

e Transitivity t1: a11az.
Selfdistance:  §'(a1,e) = &'(a2,€) = 0.
syn .

e Since 4,114, implies comovement, i.e., constant distance: ¢'(a1,a2) = 0.

Identity of indiscernibles: a; = as.
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“EQUIVALENCE’ OF BETWEENS

For any iscms a # b # ¢ the followings are equivalent:
e B(a,b,c)

— .
o ¢uepe; for some e;, €5, ec events of a, b, ¢, respectively.

f: Since we have iscm observers

clec) =al(e )+6( b) +6'(a,c) byessesse
=a(e,) + 6'(a,c) by e, /e

therefore §'(a,b) + &'(b,c) = &'(a, c).

000000000 OO

Axioms SpecRel

[©]

0000
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(e]e] [e]e] 0000 0000000

“EQUIVALENCE’ OF BETWEENS

For any iscms a # b # ¢ the followings are equivalent:
e B(a,b,c)

— .
o ¢uepe; for some e;, €5, ec events of a, b, ¢, respectively.

| Suppose that there is no e,e,e; while

8'(a,b) + &'(b,c) = &' (a,c)

000000000 OO

[©]

0000
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“EQUIVALENCE’ OF BETWEENS
For any iscms a # b # ¢ the followings are equivalent:
e B(a,b,c)
° e,;e?i for some e, e, ec events of a, b, ¢, respectively.

| Suppose that there is no e,e,e; while

8'(a,b) + &'(b,c) = &' (a,c)

€c

€
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“EQUIVALENCE’ OF BETWEENS
For any iscms a # b # ¢ the followings are equivalent:
e B(a,b,c)
° e,;e?i for some e, e, ec events of a, b, ¢, respectively.

| Suppose that there is no e,e,e; while

8'(a,b) + &'(b,c) = &' (a,c)
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“EQUIVALENCE’ OF BETWEENS
For any iscms a # b # ¢ the followings are equivalent:
e B(a,b,c)
° e,;e?i for some e, e, ec events of a, b, ¢, respectively.

| Suppose that there is no e,e,e; while

8'(a,b) + &'(b,c) = &' (a,c)

11-Eq-Metric thm.
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“EQUIVALENCE’ OF BETWEENS
For any iscms a # b # ¢ the followings are equivalent:
e B(a,b,c)
° e,ﬂ?ﬁ for some e, e, ec events of a, b, ¢, respectively.

| Suppose that there is no e,e,e; while

8'(a,b) + &'(b,c) = &' (a,c)
3 a b c
éi(a,c)
8 (LZ, b) + (51(17, C) + & (a, C) T1-Eq-Metric thm.
——
8i(a,b)+6i(b,c)
Il
26'(a, b) + 25 (b, )
I
26'(a,c)




J T
L,9 Math, Cont, Ext Chronology, Ping Full, Secant, LocExp Round: 11 -eq, metric Tarski axioms Coord. Axioms SpecRel
[e]e] [e]e) 0000 [} 0O000000e 000000000 00 [} 0000

“EQUIVALENCE’ OF BETWEENS
For any iscms a # b # ¢ the followings are equivalent:
e B(a,b,c)
° e,ﬂ?ﬁ for some e, e, ec events of a, b, ¢, respectively.

| Suppose that there is no e,e,e; while

8'(a,b) + &'(b,c) = &' (a,c)
3 a b c
éi(a,c)
8 (LZ, b) + (51(17, C) + & (a, C) T1-Eq-Metric thm.
——
8i(a,b)+6i(b,c)
Il
26'(a, b) + 25 (b, )
I
26'(a,c)
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“EQUIVALENCE’ OF BETWEENS
For any iscms a # b # ¢ the followings are equivalent:
e B(a,b,c)
° e,;c?i for some e, e, ec events of a, b, ¢, respectively.

| Suppose that there is no e,e,e; while

8'(a,b) + &'(b,c) = &' (a,c)
4 a b c

5i(a,c)
8 (LZ, b) + (51(17, C) + 6'(a, C) T1-Eq-Metric thm.
——

6i(a,b)+5' (b,c) . .
I ’ ‘ Forbidden triangle!

26%(a, b) + 26'(b, c)
Il
26'(a,c)
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(e]e] [e]e] 0000 00000000 000000000 OO [©]

TARSKI’'S AXIOMATIZATION OF GEOMETRY

1.ab=ba (Reflexivity for =)
2. (ab=pqgNab=rs) > pg=rs (Transitivity for =)
3.ab=cc—a=Db (Identity for =)
4. Ix(B(gax) A ax = bc) (Segment Construction)

5. (a # b AB(abc) AB(@'V' 'Y Nab=a'b' Nbe =V’ A
Nad=a'd Nbd=b'd") — cd=c'd (Five-segment)

6. B(aba) »a=10 (Identity for B)

7. (B(apc) A B(bgc)) — 3x(B(pxb) A B(gxa)) (Pasch)

8". 3a,b,c,p1, .. .pﬂ1< /\ pi #piA /\ (ap1 = api Nbpr = bpi Acpr = cpi) A
i<j<n 1<i<n

A —(B(abc) Vv B(bea) v B(cab))> (Lower n-dimension)

9", ( /\ pi #pi A /\ (aplEapi/\bplsz,v/\cmchi)) —

i<j<n 1<i<n
— (B(abc) V B(bca) V B(cab)) (Upper n-dimension)
10,. B(abc) V B(bca) V B(cab) V Ix(ax = bx A ax = cx) (Circumscribed tr.)

11. Javx,y(a A B — B(axy)) — 3bVx,y(a A B — B(aby)) (Continuity scheme)
where o and 3 are first-order formulas, the first of which does not contain any free
occurrences of 4, b and y and the second any free occurrences of a, b, x.

0000
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AXRAYS

For every inertial observer, for any positive x and every direction (given by a
light signal) there are lightlike separated events in the past and the future
whose distances are exactly x.

(Vx > 0)(Va € In)VeTe; Jex(3e”, e, € wline,)

. - )
eee N6 (a,e2) = x ANee"er A6 (a,er) = x
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AXRAYS

For every inertial observer, for any positive x and every direction (given by a
light signal) there are lightlike separated events in the past and the future
whose distances are exactly x.

(Vx > 0)(Va € In)VeTe13ex (e, e, € wline,)
e A6 (a,e2) = x/\eeTel> A8 (a,er) = x
COROLLARIES:
® Segment construction
e Tarski’s continuity axiom:
AxRays projects
AxContinuity axiom to the

spacetime, and AxLocExp
provides the points.

So the spaces and the
€24 spacetime is continuous
because the clocks are.
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AxPasch

Pasch-axiom for light signals.
(atth A (a1 € wline,)(3b1 € wliney) (&l A cqby)) —

. (3xta) (31, x2 € wliney)(3a; € wline,)(3b, € wliney ) (prabs A Fx1))

3b,

3&2
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Ax5Segment

If two pairs of observers b,d and b’,d’ measures two pair of lightlike
separated events e, e; and ¢, €5 to the same distances, respectively, and the
lightline crosses the worldlines of b and V', respectively, then the distances b-d
and b'-d’ are the same (for all of them).

i i —_—
dtd A bTb A eyEb A e EU' A erepes A eteyen A
NG (byer) =68'(b,e)) A (byer) = 8'(b,e5) A

d 40 (d ex) = 0'(d' e1) NG (b,d) = 8' (', d)) —
] ] d i i g 1
b 1 I — 6'(d,e) =6'(d',e3)
K(’\"J: eé
a b c
d/
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AxCircle

For every three non-collinear inertial observer there is a fourth one that
measures them with the same distance.

(Va,b,c € In)((aTlTleTc/\
A Jer,er,e3(e1€a N erEb NesEc Neiferes N\ —er 7es)) —
— 3d3es, ep, ec, e4,€4(eaEa N eyEb A ecEc N esEd N eyEd N
Neajens e NeajenseqNeaseceq))
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AxMinDim : n

The dimension of the spacetime is at least n. The formula says thatn — 1
lightcones never intersect in only one event.

Vei,...,en /\ e ey — Jent /\ e ent1 N ey # eny1

i<n—1 i<n—1

€4

Tarski’s lower n-
5 dimensional axiom: Centers
€3 of circumscribed spheres
around n — 1 points cannot
€6 be covered with a line.

e1

€2
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AxMaxDim : n

The dimension of the spacetime is at most 1. The formula says that there are
n lightcones that intersect at most in one event.

ey, . .. , €1 /\ e S epy1 N\ V€n+2 /\ e i eyt —> Eygp1 = €42

i<n i<n
€4
Tarski’s upper n-
es dimensional axiom: Centers
e €3 of circumscribed spheres
1 .
around n points are on a P1
€6 line.

€2
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Ax4Dim

The dimension of the spacetime is exactly 4; 3 lightcones never intersect in
only one event and there are 4 lightcones intersect in at most one event.

AXMinDim : 4 A AxMaxDim : 4

€4

(43
€3
€1

€6
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4

[ L 7k}
a
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4

[ { 1))
a1
AxFull : e;




L, M Math, Cont, Ext Chronology, Ping Full Secant, LocExp Round: TT eq, metric Tarski axioms Coord. Axioms SpecRel
00 00 0000 00000000 00000000@® 00 o 0000

SPACE D > 3 FOLLOWS FROM SPACETIME D > 4

o ®4;, ¢, : AxPing
a1
AxFull : e;
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4

es : AXDim>3

a;, e - AXPing
a \]\

AxFull : ey e3 : AXDIm>3
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4

4 : AXDim>3
ay : AxLocExp

ap, ey . AxPlng
a

AxFull : ey 3 : AxDim>3

az : AXLocExp

Axioms SpecRel

[©]

0000
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4

4 : AXDim>3
ay : AxLocExp

ap, ey . AxPlng

AxFull : e;

3 : AxDim>3
az : AXLocExp

Axioms SpecRel

[©]

0000
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4

a
a1
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4
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SPACE D > 3 FOLLOWS FROM SPACETIME D > 4
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Coord.
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EVERY EVENT IS COORDINATIZED WITH A 4-TUPLE.
(TOTALITY) o

Let e be an arbitrary event. Since there is
exactly one iscm there, we have a synchro- a
nized comover 4, of a in e. Then by defini-
tion, a.(e) will be the time coordinate. We
can use Tarski’s axioms to conclude that
there are (unique) ay, a; and a that are pro- 3
jections of the point 4, to the lines (a,4ax), ] !

(a,ay) and (a,a:), respectively. By AxPing, ] = y
these projections can ping a,, i.e., they can ]
measure the spatial distance between them 1 v T
and 4, (and e), and thus we will have the - g \:
spatial coordinates of e as well. < ol

21y = 26'(al,, a)
LaN)
=27y = —25’(::;,513)
ANY
=

COROLLARY: No event has two different
coordinates. (Functionality)
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EVERY 4-TUPLE IS A COORDINATE OF AN EVENT.
(SURJECTIVITY) Y

ae a
Let (,x,y, z) be an arbitrary 4-tuple. It fol-

lows from Tarski’s axioms that there are

inertial comovers a;, a; and a; of a on the A a
axes (a,ay), (a,a,) and (a,a;), respectively,
such that §'(a,ac) = x, §'(a,a,) = y and
§'(a,a;) = t. Foralli € {x,y,z} Let P; de-
note the plane that contains a; and is or-
thogonal to the line (4, 4;). Then by Tarski’s
axioms, these planes has one unique inter-
section, a.. By the definition of the Coord,
any event of wline,, are coordinatized on Tl oo
the spatial coordinates (x,y,z). Now we w \:
know from Ax-Full that there is an event e . /.X o]
of wline,, such thata(e) = t. ] %

ac)
’
y ae)

’
X

Q
—28'(a

27y = 26'(a
—27x

COROLLARY: No 4-tuple is a coordinatiza-
tion of two different events.  (Injectivity)
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AXIOM SYSTEM

for Euclidean 3D coordinatesystems

AxEField AxFull AxPasch
AxContinuity AxSecant Ax5Seg
SCITh & AxExt AxLocExp AxCircle
AxChronology AxRay AxDim> 4
AxPing AxRound AxDim< 4

CONJECTURES:
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AXIOM SYSTEM

for Euclidean 3D coordinatesystems

AxEField AxFull AxPasch
AxContinuity AxSecant Ax5Seg
SCITh & AxExt AxLocExp AxCircle
AxChronology AxRay AxDim> 4
AxPing AxRound AxDim< 4

CONJECTURES:

1. Ax4Dim = AxCircle above SCITh.
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AXIOM SYSTEM

for Euclidean 3D coordinatesystems

AxEField AxFull AxPasch
AxContinuity AxSecant Ax5Seg
SCITh & AxExt AxLocExp AxCircle
AxChronology AxRay AxDim> 4
AxPing AxRound AxDim< 4

CONJECTURES:
1. Ax4Dim = AxCircle above SCITh.

2. AxSome : VadxJe P(e,a,x) = AxFull : VaVx3e P(e, a, x) above SCITh.
(AxRays and AxPing!)
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AXIOM SYSTEM

for Euclidean 3D coordinatesystems

AxEField AxFull AxPasch
AxContinuity AxSecant Ax5Seg
SCITh & AxExt AxLocExp AxCircle
AxChronology AxRay AxDim> 4
AxPing AxRound AxDim< 4

CONJECTURES:
1. Ax4Dim = AxCircle above SCITh.

2. AxSome : VadxJe P(e,a,x) = AxFull : VaVx3e P(e, a, x) above SCITh.
(AxRays and AxPing!)

3. Since we defined Inertials, but we never used that definition, it is
expectable that some axioms follows from the defining property (AxRound?),
or can be derived from new but way more weaker axioms (AxLocExp?).
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SPATIAL DISTANCE

sdi(e,¢') =7 & (30’ € Space,)(a € D. A 5'(a,¢') = 7)
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SPATIAL DISTANCE

sda(e,e) =7 & (3 € Space,)(a € De A &'(a,¢') = 7)

sda(e,¢') =7 <= (3(ax,ay,a.) € CoordSys(a))Ixy
Coordy,a, a,.0,(€) = X A Coord, sy (€ e = AT = |Xo—g — Yo_s
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SPATIAL DISTANCE

sda(e,e) =7 & (3 € Space,)(a € De A &'(a,¢') = 7)

sda(e,¢') =7 <= (3(ax,ay,a.) € CoordSys(a))Ixy
Co0rdy 4y a,.0. (€) = X A Co0rda,ay a0 (¢) = Y AT = |24 — Y24

Pythagoras’s theorem:
6" (ae,a0)* = 6 (a0, b)* + 6 (b, ap)?
where b € Space, is a clock with which
Ort(ay,a,b) A Ort(ay,a,b) A Ort(aZ,a,b)

where a;, a;, a;, are the projections of 4. to the axes of the coordinate system
(see the figure of coordinatization).
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ELAPSED TIME

def

eto(e,¢') =7 & (3b,b’ € Space,) |b(e) —b'(¢')| =7
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ELAPSED TIME

def

eto(e,¢') =7 & (3b,b’ € Space,) |b(e) —b'(¢')| =7

ets(e,¢’) =7 <= (I(ax,ay,a.) € CoordSys(a))3Z,y
Co0rda,a,.ay.0.(€) = X A Co0rdaay aya.(€') = AT = %1 — 11|
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ELAPSED TIME

eti(e,¢’) =7 & (3b,1 € Space,) |b(e) —b'(¢)| =T

ets(e,¢') =7 <= (3{ax,ay,a:) € CoordSys(a))I¥, §
Coordy,ay ay,. (€) = X A Coorda,a, aya.(€') =Y AT = [X1 — i1
The clocks that measures the time in the events are the same in both

definitions by Proposition ‘there are no two iscms in one event’, so
practically, both formula refer to the same measurement.

o] lele)
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SPEED

dei sda(e,e)
etq(e, ')

va(e, ')
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SIMPLE SPECREL

Simple-AxSelf Va(Ve € wline,)(V(ax,ay,a.) € CoordSys(a))
3t Coorda,g, 4,.0.(€) = (¢,0,0,0)

Simple-AxPh (Va € In)Ve, ¢’ va(e,e') =1+ ese

Simple-AxEv Ve(V(a,ax,ay,a.), (@', ay, ay, a;) € CoordSys)
3% Coord,a, a0, (€) = X — 3y Coordy o) o101 &)=y

Simple-AxSym (Va,a’ € In)Ve, e’
eta(e,¢') = ety (e,e’) =0 — sda(e, €') = sdy (e,¢’)

Simple-AXThExp VaVe,e’ vi(e,e’) <1 — (3a’ € In)e, e’ € wline,
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