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Causal Structures
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The lesson from SR
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The proper understanding of Lorentz contraction
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For the two observers in the same moment (of their meeting) the "rod" meansdiferent objects, in the sense that they are different sets of events.What is the "rod" then in relaity?
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It is this (a 4-dimensional object)
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Space and time are relative to the reference frame
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What is absolute is the 4-dimensional spacetime
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absolute space
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absolute spacetime
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geometrical point
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event
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Spacetime coordinates have no 
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absolute meanings
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Physical objects exist 
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in the 4-dimensional spacetime timelessly
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Typewriter
basic notion: event
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spacetime is the manifold of events
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the most essential part of the structure of spacetime is itscausal structure
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The causal structure of Minkowskian spacetime
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Minkowski spacetime
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Causal relations:
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vector is non-space-like
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vector is timelike
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causally precedes
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chronologically precedes
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The causal structure of spacetime is determined by its metrical structure.
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The opposite is almost true:
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Causal structure determines the metrical one, up too a scalar factor.
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The properties of the causal relations:
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Sometimes we also use:
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causal future/past
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such that

lalo
Typewriter
chronological future/past
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Causal space
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Basic notion: event
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Description of the concept of event:
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Physical event 
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Typewriter
an (possible) outcome of a measurement 
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performed on a physical system.
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There is a one-one correspondence between the subsets of spacetime and 
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the physical events.

lalo
Typewriter
For example: we measure the spin of an electron 
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two possible outcomes:
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event A
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event B
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The logical meaning of a subset of spacetime
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AND
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AND
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AND
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OR
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Typewriter
Boolean lattice of physical events
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the lattice of subsets of spacetime
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dual lattice homomorphism
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Typewriter
this "Boolean" is true only in classical physics!
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Causal space
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underlying set
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the elements are the elementary events
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causal
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chronological
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relations
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axioms:
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topology
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Important!
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The causal structure on X determines a natural topology on X.
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Recall,
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Closure operation
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the Boolean lattice of subsets of X
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topological space
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further definitions:
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closed
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if
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open
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if
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is closed
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the complement of A
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the largets open subset of X
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which is smaller than A
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The boudary of A:
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Def.
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Let 
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be a causal space
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Alexandrov topology is the 
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coarsest topology on X, in which 
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all 
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and 
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are open
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Riemannian geometry
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There are important results concerning the problem of whether and how the 
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the structure of spacetime can be constructed from its causal structure

lalo
Typewriter
However, now we move on and discuss the mathematical 
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model of spacetime as it is claimed in the standard theory.
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Relationship between special and general theory of relativity 
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Geometry of spacetime is
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something 
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which locally looks like 
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a Minkowski spacetime
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Differentiable manifold
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Let
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be an arbitrary set.
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Atlas:
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where
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is invertible
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of class
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Pair

lalo
Typewriter
is called n-dimensional differentiable manifold.
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Local coordinates:
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The local coordinates of point
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Typewriter
in coordinate patch
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Typewriter
:

lalo
Typewriter
Function
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of type
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is the so called coordiate
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Typewriter
transformation.
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A simple example for diff. manifold:
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is a diff. manifold which can
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Typewriter
be covered with 2 coordinate patches.

lalo
Typewriter
(This is a topological property!)
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Curve on a manifold

lalo
Typewriter
differentiable
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map
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all  
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are
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diff. functions
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Tangent vector of a curve
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Tangent space
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Tangent vector of a manifold at point 
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is the following:
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That is, a tangent vector is a differential operator over the real functions on the manifold.
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(Following the usual notation in physics, the sum over the indexes will be omitted)
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Obviously, the tangent vectors at a given point constitute a linear space:
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Tangent space at point
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obviously, it is an n-dimensional
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Typewriter
linear space
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Basis in the tangent space:

lalo
Typewriter
system of linearly independent vectors
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Natural basis:
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Tangent budle:
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a section is a vector field
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Vector field
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Basis field
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function



lalo
Typewriter
1-form at point p:

lalo
Typewriter
linear functional
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that is,
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is a real number.

lalo
Typewriter
1-forms also constitute a linear space:
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This linear space is called 
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Typewriter
the cotangent space of M at point p:
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Cotangent bundle:
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a section: 1-form field
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1-form field:
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Dual basis
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basis in
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the dual of

lalo
Typewriter
in
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is, by definition, a basis satisfying:
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Show that this really defines a basis in  
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Home work:
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The dual of the natural basis:
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A 1-form can be given, for example, by means of the components:
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functions
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Pseudo-Riemannian manifold
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Scalar product (metric):
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symmetric
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bilinear
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non-degenerate
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of Lorentz signature
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Spacetime is a pseudo-Riemannian manifold 
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Identifying the distincts - connection
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time-like curve
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light-like curve
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space-like curve
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The things in different spacetime points are ab ovo different.
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At the same time, physics uses such phrases as 
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Typewriter
something is constant
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changes
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the gradient of ...
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etc.
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space-like separated
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Parallel transportation in Minkowski spacetime
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We use the concept of straight line
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arbitrary curve
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straight line
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How to do the same in a pseudo-Riemannian space?
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Why complicate life? Isn't it possible that spacetime is also globally Minkwoskian?
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IN THE LECTURE,INSTEAD, I GAVE THE EXAMPLE OF THE GPS SYSTEM.
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Geodesics
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In Minkowski spacetime, a straight line between two pints is the curve ofextremal length.
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Similaly, in a pseudo-Riemannian spacetime, a "straight line" is defined as a curve of exremal length:
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From the Euler-Lagrange equations:
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Exercise: the derivation
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This term is zero if \tau is chosen tobe a linear function of the length of the curve (affine parameter)



lalo
Typewriter
The close relationship between the concepts of directional derivativeand parallel transportation
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In Minkowski spacetime
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Obviously, a vector field
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is parallel along a curve \gamma if 
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Also, a curve is a straight line if 
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In view of these facts:
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Abstract definition of covariant derivative:
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geodesic
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the components of a connenction



lalo
Typewriter
where we introduce:
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Typewriter
so called Christoffel symbols
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It follows from the definition that parallel transportation moves the tangent vector of a geodesic curve into a tangent vector of thecurve.
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That is,
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for a geodesic:
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In components:
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Comparing this with the equation of geodesic,
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we have:
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Notice that
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Therefore,
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Arrow
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In this case we say:it is an affine connection



lalo
Typewriter
Commutator of vector fields
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In components:
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Exercise:               Show that 
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is NOT a vector field.
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Tensors
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The definition of type-(p,q) tensor (p times covariant, q times contravariant)
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cotangent space at point x
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tangent space at point x
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type-(p,q) tensor at point x
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multi-linear

lalo
Typewriter
similarly for all arguments
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bundle of tensors of type-(p,q)
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A section of this bundle is called tensorfield
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The tensor product of two 
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co-vector (1-form) fields:
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It is obviously multi-linear.
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Similarly:
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etc.
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The tensors themselve constitute a linearspace.
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Let
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be  a basis in
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and
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be the dual basis.
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is a basis in
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For example
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Thus, in genera:



lalo
Typewriter
Extending covarian derivation for tensors:
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which implies:
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Therefore,
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Example:



lalo
Typewriter
So,
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Consider an arbitrary type-(p,q) tensor:
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In coordinates:
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Exercise: to continue
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Curvature -- what remains of gravitational field?
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Is gravitational force a real force or a pseudo-force?
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If 
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is not identical for all 
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materials, then
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the "vertical" direction must be different
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for different materials!
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Eötvös' experiment says: this is not the case
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One can observe gravitational force only in an 
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accelerating reference frame, but not in an inertial frame
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Consequently: there is no such a thing as gravitational force!
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What the inertial observer can detect is 
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the tidal force, that is the "gradient of the gravitational force field", that is
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the relative acceleration of the neighboring inertial bodies.
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Geodesics
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Geodesic deviation
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One parameter family of time-like geodesics
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Let
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Notice that
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Typewriter
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because
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Consider
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because
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separation vector
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the part of Z that is orthogonal to V
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Relative acceleration:
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But,
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Therefore,
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Thus,
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We define the curvature operator
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by means of which 
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No garvitational field!
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Gravitation
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Manifestation of the curvature of spacetime
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Theory of gravitation
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Theory of the structur (geometry)                    of spacetime
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Topology of Spacetime
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4-dimensional manifold
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type-(2,0) symmetric tensor field
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so far we have been concerned with g

lalo
Typewriter
Locally Minkowskian

lalo
Typewriter
ekvivalenceprinciple
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geodesics
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covariant derivation
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deviations
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curvature
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gravitation
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Now we turn to the manifold itself: What does it look like?
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Integral on a pseudo-Riemannian manifold
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Let
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Callout
determinant of the partial derivative matrix(Jacobian determinant)
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Therefore,
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The transformation of this factor

lalo
Typewriter
against the coordinate changes
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compensates the Jacobian determinant
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In this tricky way integral becomes independent of the coordinatesystem
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If reagion N is large:
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partition of unity
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M needs to be paracompact

lalo
Typewriter
for some 
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is compact
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there exists a neighbourhood of x, such that
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it overlaps 
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only a finite number of 
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given that the sum is finite! 
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This definition is independent of the partition of unity

lalo
Typewriter
Indeed, if
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is another partition

lalo
Typewriter
then
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also is a partition
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hence 
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Orientation
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It must be clear that the volume integral is meaningful only if
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Jacobian determinant
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is positive everywhere in
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Arrow
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A manifold is said to be oriantable if it has an atlas such that 
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for all
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For example, a Möbius strip is NOT orientable
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But,
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are orientable
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Spacetime must be an orientable manifold!
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A manifold is connected if any two points can be connected 
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by a smooth curve.
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Spacetime is connected!
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Let
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be the union of time-like vectors
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consists either 
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or 
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connected components
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A connected Pseudo-Riemannian manifold is time-oriented 
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if  
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has two conncted comonents
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Spcetime is a time-oriented manifold
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Obviously, if there exist a non-degenerate time-like vector field on the manifold
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then it is time-oriented. 
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Proof: 
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If X is such a v. field, then
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is a 
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function, which is a surjective mapping of type 
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therefore
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One can show that  
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if a simply connected Lorentzian manifold must be time orientable too
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There exist
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orientable
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and    not time-orientable
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but
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time-orientable
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manifolds
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Example:     Orientable but not time-orientable manifold
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is invariant for
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therefore it is a metric on M
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But, for example, 
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defines a time-orientable structure
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Thus, spacetime is a connected 4-diemsional oriented and time-oriented pseudo-Riemannian differentiable manifold with an affine connection. 
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Killing vectors

lalo
Typewriter
Equivalence of two models of spacetime
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mapping
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that is,
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Exercise: express it in components
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"push-forward"
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Pull-back of a covector field:
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In components:

lalo
Typewriter
Ex.
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Obviously, 
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By definition:
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Pull-back of a tensor:
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Ex.: in components
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Two spacetime models are equivalent if
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there exists a diffeomorphism
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such that
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By spacetime symmetry we mean a diffeomorphism
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such that
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One parameter group of transformations: 
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differentiable in "t"
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Integral curve
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by the existence and uniqueness theorem
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Local one-parameter flow, generated by a vector field:
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Lie derivative
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Obvious properties:
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Preserves the type of a tensor
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Linear and preserves the contraction
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Satisfies the Leibnitz rule:
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In particular cases:
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From prop. 3 and 2
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Let
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a local one-parameter transformation gropup
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and
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Obviously, 
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Show that
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Killing vectorfield
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is a Killing vector filed if
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It can be easily proved that
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is a local isometry
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geodesic
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and 
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If
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vector fields then
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is also a K. vector field
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parallel vector field
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is Killing
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Einstein equations
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"sharp" operator

lalo
Typewriter
"flat" operator
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Two tensors are physically equivalent if they are connected through sharp of flat operations
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Elementari properties of curvature (operator):
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Curvature tensor:
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Ricci tensor is
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a symmetric type-(2,0) tensor, 
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which is a contraction of R:
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Ricci scalar:
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Einstein tensor
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Particle flow
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density of particles
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where D is a space-like region
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the number of particles
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particle flow
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Energy-momentum tensor
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symmetric
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time-like vector field
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Physical meaning:
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Local observer
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the energy measured by the local observer
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Theorem
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Let
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be two type-(2,0) symmetric tensors, 
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such that
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for all observers,
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then
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For examples, for a particle flow:
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Einstein equations
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Justification:
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Newtonian limit
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simply works
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of second order in the metric tensor
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Schwarzschild spacetime
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induced metric on
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So,
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Properties
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Gravitation becomes more and more strong with r --> 0
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it is a vacuum solution but not flat
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No escape!
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Further properties
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constant
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are space-like 2-dimensional spheres
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of surface
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it is asymptotically flat
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In Newtonian limit:
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gravitational mass
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from far distance 
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is a time-like Killing v. field
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static, that is
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Extension of a specetime
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spacetime
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spacetime
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is an extension of
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if ther exists an
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embedding
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such that
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THE END












