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Description:  Mathematics has its own modality; the provability. Ac- Solovay’s proof is as beautiful as Godel’s proof of his in-
cording to the informal arithmetical provability interpre- completeness theorems; it reveals the connection between
tation, the modal sentence Uy is true iff ¢ is provable in  possible world semantics and the provability predicate by
Peano arithmetic. embedding Kripke models into PA. If that would not be
Formally, we say that a logic PRL is arithmetically enough to convince the Reader to take that course, we
sound and complete, iff show one last thing: the core idea of Solovay’s proof is
PRL} ¢ for any %, PA | tr, () (1) batsed on functions having the following definitierr prop-
erty:
where tr, (), the arithmetical interpretation is
tr,(p) = «(p), asentence of PA f(0)=0
tr, (—) def tr. () iff"nj is afG}?dell-lnumbEr
tr, (o A1) det tr, (0) A tra (¢) - o ?proo t. at.s ows that
aer - . Ffln+1) = m is not a limit of f
tr.(Op) = Provable(Ttr.(p)™), and f(n) < m.
where Provable is the provability predicate of PA and herwi
™ —7 stands for the Godel-numbering. f(n)  otherwise
Godel showed in 1933 that no normal alethic logic,
more precisely, no modal logic having the axiom and rule  The course will contain
A
(T) DA—A (RN) OA e a short but precise introduction to Peano arith-
can be arithmetically sound. The obstacle here is Godel’s metics and modal logics,
second incompleteness theorem itself:
FO(pA—p) — (pA—p) instance of the axiom (T) e the construction of the provability predicate and its
F=O(p A —p) proof by contradiction modal properties: the Hilbert-Bernays-Lob deriv-
FO-O(p A —p) (RN) ability conditions,
But the latter says that consistence is provable in the ob-
ject language, contrary to Godel’s 2nd incompleteness o the fixpoint theorems of PA and GL,
theorem. Is there any modal logic PRL that can satisfy
the equivalence (1)? Solovay’s first theorem says that yes, e
th f of Godel let th ,
there is, and it is the Godel-Lob logic GL: ¢ the proot o1 Lbdel's incotplefeness theoreins
(K) 0(A - B) = (UA — UB), o the proof of Solovay’s first theorem,
A
0A e investigations of some other provability logics of
(GL) 0@OmA—A)—-0OA arithmetics.
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