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Mi teszi a logika kovetkeztetési szabalyait

helyessé”?

Elterjedt felfogas szerint az IGAZSAG-MEGORZO TULAJDONSAGA,
vagyis, hogy igaz premisszakbol igaz konkluziokra vezetnek.

Bar attételesen beépiil a racionalis gondolkodés és érvelés tarsadal-
milag/torténetileg kialakult norméiba, mindenekel6tt a nyelv hasz-
nalataval osszefiiged tarsadalmi normékba, s ezért gy tiinhet, hogy
semmiféle tapasztalasra nincs sziikség egy kovetkeztetés helyességé-
nek megitéléséhez, ez a tulajdonsag alapvetGen EMPIRIKUSAN tesz-



telhetd.

ha a premisszak igazak = a kovetkeztetések igazak

) )

vilag tényei vilag tényei

A logikai kovetkeztetés helyességének kérdése ott tiinik proble-
matikusnak, ahol ezt a legkevésbé varnank: A MATEMATIKABAN!
Mi teszi helyessé azt a kovetkeztetést, hogy

ha az Euklideszi axiomék igazak = igaz, hogy a* + b* = ¢

Honnan tudjuk ugyanis, hogy a? + b* = ¢? igaz?!

Mi tesz egy matematikai allitast igazza?

Realizmus, platonizmus, intuicionizmus

A REALIZMUS szerint (pl. J. S. Mill) a matematikai dallitasok akkor
wgazak, ha megfelelnek a minket korilvevd fizikar valosdgnak. Mas
szoval, a matematika empirikus tudomany: a matematikai allita-
sok a fizikal vilag legaltalanosabb tulajdonsagait fejezik ki. E felfo-
gés fontos szerepet toltott be a matematika torténetében, manapsag
azonban senki sem gondolja komolyan, hiszen a matematika fogal-
mai nincsenek kozvetlen megtelelésben a valosag elemeivel, példaul
a végtelen fogalmanak semmi sem felel meg a kiils6 (a matematikan
kiviili) vilagban.

A MATEMATIKAI PLATONIZMUS a matematika klasszikus fo-
cgalmainak ondllo létezést tulajdonit, tiggetleniil attol, gondoljuk-e
azokat vagy nem, s ugy véli, a matematikai allitasok igazsagat pusz-
tan e fogalmak analizisével, logikai uton fedezhetjiik fel.

A7 INTUICIONISTAK tagadjak a matematikai objektumoknak —
az értelemszertien véges — konstrukciojuktol fiiggetlen 1étezését, am



helyette ,sajat isteniik” (Curry kifejezése!), az Intuicid létezésében
hisznek, vagyis valami olyasmiben, ami az egyetemes emberi értelem
szamara a prior: adott, garantalva ezzel a matematika objektivitdsdt
és haszndlhatosdgadt.

REALISTAK, PLATONISTAK ES INTUICIONISTAK mind hisznek
azonban abban, hogy a matematikai allitdsoknak jelentésik van, s
ha — a Hilbert-programot kovetve — formalizaljuk is a matematika
nyelvezetét, azt azért tessziik, hogy e jelentést precizebben és tomo-
rebben adhassuk vissza.

A MATEMATIKA FORMALISTA FELFOGASA

szerint az igazsag ezzel szemben az, hogy a matematikar objektu-
moknak nincs jelentése. A matematika a formaélis rendszerek tudo-
manya: Jeleket definidlunk és szabdlyokat, melyek alapjan e jeleket
kombinalhatjuk. Ahogy Hilbert mondta ,A matematika egy jaték,
melyet a papirlapra irt, jelentés nélkiili szimbolumokkal jatszunk,
egyszeri szabalyok szerint.” ,Pont, egyenes és sik helyett folyama-
tosan mondhatnank, asztalt, széket és soroskorsot” — mondta egy
masik alkalommal az euklideszi geometriara utalva.

A matematikinak semmi koze nincs a végtelen metafizikai fo-
galmahoz, és kozombos a térre, idére, valoszintiségre vagy a folyto-
nossagra vonatkozo intuicionkkal szemben. A matematika nem pro-
dukal, és nem old meg Zénon-paradoxonokat! | Leirhatok egy jelet,
mondjuk a-t, és elnevezhetem az egész szamok kardinalitdsanak. Az-
tan rogzithetem a ra vonatkozo manipulacios szabalyokat” mondja
Dieudonné.? Az egész finitista probélkozés felesleges. Ha a papirra
azt irom 101010, ez éppugy csak egy jel, amellyel manipulalhatok, mint
barmelyik mas. A matematika jelenlegi gyakorlata azt mutatja, hogy
minél precizebben latjuk be valamely matematikai allitas igazsagat,

Haskell B. Curry: Outlines of a Formalist Philosophy of Mathematics, North-Holand, Am-
sterdam 1951.

2Léasd Arend Heyting: Intuitionism: an Introduction, North-Holland, Amsterdam 1956.



annal nyilvanvalobb, hogy 6t kizarolag az teszi igazza, hogy levezet-
het6 az rendszer axiomaibol a rendszerben érvényes kovetkeztetési
szabalyok segitségével — fiiggetleniil attol, hogy egyébként milyen fi-
lozofial nézeteket vall egy matematikus. Jol jellemzi a helyzetet Jean
Dieudonné-nek, a francia Bourbaki csoport egyik vezéralakjanak so-
kat idézett mondésa :

In everyday life, we speak as Platonists, treating the ob-
jects of our study as real things that exist independently
of human thought. If challenged on this, however, we
retreat to some sort of formalism, arguing that in fact
we are just pushing symbols around without making any
metaphysical claims. Most of all, however, we want to do
mathematics rather than argue about what it actually is.
We're content to leave that to the philosophers.

Tehat,

1. A formalizmus lényege, hogy egy allitas bizonyitasa-
nak /levezetésének létezése nem mas, mint a szoban forgo allitas
igazsdgfeltétele.

2. Az axiomak sem azért ,igazak’, mert valamiféle referenciajuk
van a valosagos (vagy valamiféle platoni) vilagra, hanem mert
(trividlisan) levezethetdk (tudniillik az axiomakbol), méas szoval
definici6 szerint igazak.

3. A matematikiban az igazsag fogalma altalaban értelmetlen,
csak egy adott axiomarendszerre nézve értelmes (ahol az axio-
marendszerbe a kovetkeztetési szabalyokat is beleértjiik). An-
nak a kijelentésnek, hogy ,a haromszog szogeinek osszege 180
fok” az igazsagarol nincs értelme anélkiil beszélniink, hogy ne
specifikdlnank, hogy melyik axidmarendszerben (tehat melyik
geometridban) van értve.



4. A matematika torténete ebben a vonatkozasban nem egysé-
ges. A matematika realis interpretacioja példaul szinte kihalt a
nem-ecuklideszi geometriak megsziiletése utan. Korabbi korok-
ban elfogadottnak tekintett bizonyitasokat ma nem tekintiink
elfogadhato, preciz formalis bizonyitasnak. Mint — kissé sar-
kitva — Russell irja Boole Laws of Thought-ja (1854) volt ,az
els6 konyv, amelyet matematikarol irtak”.



2.

Célunk tehat az, hogy megvizsgaljuk, mi tesz egy matematikai alli-
tast igazza. Filozofiai szempontbol az alapvetd probléma a kovetkezo:

If you are an incorrigible empiricist, you might encounter the
following difficulties in connection with the truths of formal logic
and mathematics. In Ayer’s words:

For whereas a scientific generalization is readily admitted
to be fallible, the truths of mathematics and logic appear
to everyone to be necessary and certain. But if empiri-
cism is correct no proposition which has a factual content
can be necessary or certain. Accordingly the empiricist
must deal with the truths of logic and mathematics in
one of the following ways: he must say either that they
are not necessary truths, in which case he must account
for the universal conviction that they are; or he must
say that they have no factual content, and then he must
explain how a proposition which is empty of all factual
content can be true and useful and surprising. ...

If neither of these courses proves satisfactory, we shall
be obliged to give way to rationalism. We shall be obliged
to admit that there are some truths about the world
which we can know independently of experience;



Metodologial megjegyzések

e Legyen mindvégig vilagos: a matematikal igazsag probléma-
jat egy adott metafizikai pozicié (nyilvan a sajat metafizikai
felfogasom) nézépontjabol tekintem végig. Ezt a poziciot ugy
fogom nevezni, hogy | fizikalizmus”.

Physicalist =

Physicalist account of the men-
tal: Experiencing itself, as any other
mental phenomena, including the mental
processing the experiences, can be wholly
explained in terms of physical properties,
states, and events in the physical world.

Empiricism: Ge-
nuine  information
about the world -+
must be acquired by
a posterior, means.

e Mindez persze nem zarja majd ki mas metfizikai allaspontok
ismertetését és az azok mellett sz0l6 érvek attekintését

o Az elGadas célja, hogy megoldjuk az Ayer altal megfogalmazott
problémat, anélkiil azonban, hogy a legcsekélyebb mértékben
fel kellene adnunk az empirista/fizikalista allaspontot.

o My account of mathematics is philosophically (scientifically)
motwated rather than “mathematically”.
The reason is very simple: I will claim that mathematics is
a system of meaningless signs, consequently any claim about
mathematics must be external to mathematics.

e [ cannot—as many philosophers of mathematics do—"take it
as ‘data’ that most contemporary mathematics is correct” be-
fore first determining what this “correctness” actually means.
Thus, with respect to the “philosophy first” and “philosophy last



if at all” dichotomy, I support the philosophy(-and-science)-
first principle.

The reason is that a big part of the corpus of contemporary
mathematics is not invariant over the possible philosophical
positions. If Gédel is right by saying that

after sufficient clarification of the concepts in ques-
tion it will be possible to conduct these discussions
with mathematical rigor and that the result then will
be that...the platonistic view is the only one tenable

then it follows that one cannot avoid questioning certain parts
of mathematics from an empiricist/physicalist standpoint.

The central question is "What is mathematical truth, that is,
what makes a mathematical proposition true?’.

[ shall investigate the epistemological and ontological aspects of
the problem. According to these two aspects I shall consistently
ask the following two test questions:

Q1: What leads us to the knowledge of the truth of a
mathematical proposition?

Q2: In what respects is the world different if a given
mathematical proposition is true or tfalse?

Investigation of the first question will lead us to a radical for-
malist position. Answering the second question, we will arrive
at the physicalist account of formal systems.



The essential difference between mathe-
matical truth and a semantical truth in

a scientific theory describing something in
the world

A physical theory P is a formal system L + a semantics .S pointing
to the empirical world. In the construction of the formal system L
one can employ previously prepared formal systems which come from
mathematics and/or logic. That is, in general, L is a (first-order)
system with

e some logical axioms and the derivation rules (usually the first-
order predicate calculus with identity)

e the axioms of certain mathematical theories

e some physical axioms.

A sentence A in physical theory P can be true in two different
Senses:

Truthy: A is a theorem of L, that is, L = A (which is a mathe-
matical truth within the formal system L, a fact of the
formal system L).

Truths: According to the semantics S, A refers to an empirical
fact (about the physical system described by P).

For example, ‘The electric field strength of a point charge is ﬁ—?’ IS

a theorem of Maxwell’s electrodynamics—one can derive the corre-
sponding formal expression from the Maxwell equations. (This is a
fact of the formal system L.) On the other hand, according to the
semantics relating the symbols of the Maxwell theory to the empiri-
cal terms, this sentence corresponds to an empirical fact (about the
point charges).



Truth; and Truthy are ndependent concepts, in the sense that
one does not automatically imply the other. Moreover, assume that
['is a set of truey sentences in L, i.e., each sentence in I' refers to
an empirical fact, and also assume that I' F A in L. It does not
automatically follow that A is true,. Whether A is true, is again
an empirical question. If so, then it is new empirically obtained
information about the world, confirming the validity of the whole
physical theory P = L+ S. In Kevin J. Davey words:

The world is built in such a way that from certain bodies
of knowledge, certain types of valid mathematical deduc-
tions take us from true claims about reality to other true
claims about reality. DBut not all such otherwise valid
mathematical deductions do this. This is a fact about
the world that physicists must struggle to get their hands
around — to learn which deductions are good in which
contexts, and which are not.

If it turns out that A is not trues, then this information disconfirms
the physical theory, as a whole. That is to say, one has to think
about revising one of the constituents of P, the physical axioms, the
semantics S, the mathematical axioms, or the axioms of logic or the
derivation rules we applied in the derivation of A—probably in this
order. (Here we can see how Quine’s semantic holism works. The
unit of meaning is not the single sentence, but systems of sentences
or even the whole of language).

We usually change one entire mathematical/logical theory for
some other. For example, when we learned new empirical facts about
physical space(-time), we replaced the whole Euclidean geometry
with another one. (Unimportant sociological fact.)

The empirical disconfirmation of a physical theory, in which the
Euclidean geometry is applied, can disconfirm the applicability of
Euclidean geometry in the physical theory in question, but it leaves
Fuclidean geometry itself intact. In this way, one cannot disconfirm



mathematical truths like ‘formula a? + b* = ¢? derives from the for-
mulas called Euclidean axioms’. (Here we can observe how Quine’s
confirmational holism fails. It is not the case that if an empirical
finding disconfirms a physical theory which employs a given mathe-
matical theory then it also disconfirms the mathematical theory.)



Mathematical objects have no meanings

Thesis

o Mathematical objects and mathematical propositions carry no
meanings. The formulas are not about anything; they are just
strings of symbols. Mathematics is a game played according to
certain simple rules with meaningless marks on paper.

e In pure mathematics, the formulas of a formal system do not
carry Tarskian truths. They are true only in the sense that
they have proof in the formal system in question.

Arguments

[ apply the verifiability theory of meaning, in the following very weak
sense: in order to determine the meaning of a scientific (mathematics
included) statement we follow up how the statement in question is
confirmed or discomfirmed. So the question is, how do we, finally,
know that a mathematical proposition is true?

Consider the example of the physical realist view on mathe-
matics.

1. If a mathematical proposition is an assertion about the physical
world, then its truth-condition would be the correspondence with
the physical facts. That is to say, to decide whether a mathematical
proposition s true or not, we would have to investigate the state of
affairs in the physical world. In this case, at a certain point, just like
the physicist, the mathematician would have to throw down his/her
pen and go to the laboratory. In Godel’s words:

If mathematics describes an objective world just like
physics, there is no reason why inductive methods should
not be applied in mathematics just the same as in physics.



But, have you ever seen a mathematician in the laboratory? Isn'’t it
true that Gauss’ proposal to measure (by optical instruments) the
sum of the angles in a triangle is regarded as illegal from the point
of view of contemporary mathematics?

— The truth of the statement a? + b* = ¢* means only that
a’? + b* = ¢ follows from the axioms, according to the derivation
rules of that very formal system called Euclidean geometry:.

What kind of experiment should be performed in the laboratory
in order to decide whether the group-theoretical statement e(ee) = e
(e is the identity element) is true or not?

— We do not refer to any experiment to decide this question.
[t is a true mathematical proposition in the sense that it is derived
from the axioms of group theory:.

Thus, even if someone associates “meaning” to a mathematical
proposition, this meaning is outside of the scope of the decisive math-
ematical considerations and is irrelevant from the point of view of the
truth of the mathematical proposition in question.

(This follows from the factual practice of the mathematician.)

2. According to the weaker version of physical realism, not all
mathematical propositions have (empirical) meanings, only the most
elementary ones (which usually constitute the axioms) expressing
certain elementary facts about the physical world that are evident
to everyone without laboratory experiments. The azioms’ reference
to the real world is transmitted to the more complex mathematical
propositions.

However, as the following reflections show, this weaker under-
standing of physical realism suffers from the same difficulties as the
stronger version.

e The axioms of set theory are often claimed to express evident
truths about the “real sets” consisting of real objects of the
world.



— But, what about the axiom of choice? It seems to ex-
press an elementary feature of the “real sets”, we are yet
baffled about whether it should be added to the list of
axioms or not, depending on some delicate mathematical
considerations.

— It would be difficult to tell what feature of “real sets” is
reflected in the continuum hypothesis.

— Such an unquestioned axiom as the aziom of infinity does
not reflect any feature of “real sets” in the physical world.
[t rather reflects the wish of the set-theorist to have infi-

nite sets.

S0, it seems that the axioms of the most fundamental mathe-
matical structures are chosen on the basis of inherent mathe-
matical reasonings, rather than on the basis of physical facts.

Assume, for the sake of the argument, that a kind of Truth,
can be assigned to the axioms. [t would not follow that this
Truthy can automatically be transmitted to the more complex
mathematical propositions derived from the axioms. It is, fi-
nally, an empirical question whether the logical axioms and the
derivation rules we applied in the derivation preserve Truths or
not. (Reichenbach’s and Putnam’s explanation of the double-
slit experiment via the violation of classical logic.)

On the other hand, the claim that sets and some elementary
statements of set theory reflect physical facts is a description
of the physical world, that is to say, it is a physical theory.
For example, whether the properties of physical objects can be
modeled by sets, or not, is an empirical question. This is pos-
sible in classical physics, but it is far from obvious whether the
same holds for quantum physics. If Jauch and Piron’s de-
scription of the properties of physical objects is correct,



then the property lattice of a quantum system does not satisty
the distributive law

VAYBYC[AN(BUC) = (ANB)U(ANC) (1)

consequently, the properties of a quantum mechanical object
cannot be identified with sets. Thus, contrary to our intuitions
about “properties”, “classes”’, “having a property”, “belonging to
a class”, etc., such a simple true; set-theoretic formula as (1)
fails to be satisfied by the properties of a quantum mechanical

object, that is to say, in this case it is not trues.

e [Finally, the nonchalant allusion to the “evident” truth is prob-
lematic. As we can see in the history of modern sciences, some-
times the most “evident” concepts and laws of nature have to
be revised under the pressure of new empirical findings. So.
the mathematician should, at least, start by mentioning these
“evident” empirical facts confirming the axioms. How are they
precisely formulated? What kind of objective observations, ex-
periments, or measurements lead us to these initial proposi-
tions about the physical world, etc.” However, no book, for
example, on set theory ever starts with such an experimental
introduction.

The reason is very simple: because such empiri-
cal /experimental introductions are not necessary. This is
because any clavm about the “meaning” of a mathematical
proposition, any reference to the physical world is irrelevant.
This is merely “verbal decoration” in mathematics, which can
be completely ignored.

Everything I told about physical realism, mutatis mutandis, can be
applied to intuitionism and platonic realism.
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But, we never see any reference to these epistemic faculties in
mathematics! In Dummett’s words:

| T|here is nothing in mathematics that could be described
as inference to the best explanation. Above all, we do not
seek, in order to refute or confirm a hypothesis, a means
of refining our intuitive faculties, as astronomers seek to
improve their instruments. Rather, if we suppose the
hypothesis true, we seek for a proof of it, and it remains
a mere hypothesis, whose assertion would therefore be
unwarranted, until we find one.

No doubt, Godel is right in arguing that

“we do have something like a perception also of the ob-
jects of set theory”

and that there is no reason

“why we should have less confidence in this kind of per-
ception, i. e., in mathematical intuition, than in sense
perception’”.

But, he seems to overlook the fact that both the sense perceptions of
the external world and the internal perceptions of our intuitive ideas
are irrelevant from the point of view of the truths which mathematics



is concerned with, because they both are perceptions of that part of
reality which is external to mathematics.

The only “truth” mathematics is concerned with is Truthy, the
concept of that something is being proved.

If we feel obliged to express the statements of mathematics in
our everyday, no doubt referential, language, we should say that
mathematics is a discipline which does not have such assertions as
‘a? 4+ 0% =¥, or ‘e(ee) = €', or 3+ 2 =5, but it has assertions
like ‘formula a? + b* = ¢? derives from the formulas called Euclidean
axioms’, ‘formula e(ee) = e derives from the formulas called the
axioms of group’, and ‘formula 3 + 2 = 5 derives from the formulas
called the axioms of arithmetic’, etc.— according to a given set of
logical axioms and rule(s) of inference. That is what mathematics
tells us about the world. (We will see in what sense this statement
is about the world.)

Many are unsatisfied with this simple “if-thenism”. David Pap-

Ineau writes:

[f if-thenism were true, then of course there would not be
any gap between mathematical practice and mathemat-
ical truth, for mathematical truth would not answer to
anything more than logical facts about which theorems
followed from which axioms. And so, if if-thenism were
true, there would not be any difficulties about mathemat-
ical knowledge (or at least none which did not reduce to
the more general topic of logical knowledge). However,
despite these attractions, it is generally agreed that if-
thenism is is false. The reason is that, although there
are some branches of mathematics in which mathemati-
cians are not committed to anything except exploring the
consequences of postulates, there are other branches of
mathematics where they are unquestionably committed
to something more: for example, ... the number theorist



who says there are infinitely many prime numbers is not
just saying that this follows from Peano’s postulates, but
that there are all those numbers.”

Of course, very much depends on how we understand the practice
of the mathematician. I think, that in the same way like ordinary
people who dream about movie stars but live with their partner,
mathematicians rave about various platonic objects, but if they are
seriously asked what they are confident about, they reduce their
claims to mere if-thenisms. All the rest is just “folklore”. And this
holds not only for the more complex branches of mathematics but
also for arithmetic and set theory. When the number theorist says
“there are infinitely many prime numbers”, or simply ‘7 is a prime
number lager than 5 then (s)he means that all these concepts as
‘larger’ and ‘prime’, etc., are defined with formal rigor, and that the
statement in question is a theorem within the corresponding formal
framework. This is true even if (s)he proves it by simple calculations,
since it was previously proved that the employed algorithm is correct.
(I will come back to this problem after some ontological reflections.)
Thus, concerning the rigorous, scientifically justified, non-folkloristic
part of the claims of mathematicians, it is far from “unquestionable”
that they are committed to something more than if-thenism.

3Papineau 1990, p. 167.



How 1is it then possible that mathematical
structures prove themselves to be so ex-
pressive in the physical applications?

Feynman:

[ find it quite amazing that it is possible to predict what
will happen by mathematics, which is simply following
rules which really have nothing to do with the original
thing.

There is nothing miraculous here:

e First of all, we give too much importance to the correspondence
between mathematics and structures observed in the empirical
world. The “storehouse” of mathematics has a much larger
stock of mathematical structures than we have ever applied in
describing the real world.

e [t is not mathematics alone by which the physicist can predict
what will happen, but the whole physical theory (L, 5), includ-
ing physical axioms and the semantics. The physicist tunes
both the formal system L (including the syntax, the deriva-
tion rules, the logical /mathematical /physical axioms) and the
semantics S such that the theorems derivable from the uni-
fied logical, mathematical, and physical axioms be compatible
with the empirical facts. That is to say, the employed logical
and mathematical structures in themselves need not reflect any
Truths about the real world in order to be useful.

e Due to the empirical underdetermination of scientific theories,
it can be the case that more than one possible mathematical
structure is applicable to the same empirical reality.



e [inally, there is no miraculous “preadaption” involved just be-

cause certain aspects of empirical reality “fit themselves into
the forms provided by mathematics”. This is simply a result of
selections made by the physicist.
Just as there is no preadaption at work when you successtully
can install kitchen units obtained from a department store in
your kitchen. The rules according to which the shelves, cup-
boards and doors can be combined show nothing about the ac-
tual geometry of your kitchen. But the final result is that the
kitchen “fits itself” to the form of the whole set, as if through
a kind of preadaption. Similarly, as G. Y. Nieuwland points
out:

From time immemorial, mankind has learnt to de-
ploy mathematics in order to cope with the empirical
world, finding helpful notions such as quantity, mea-
sure, pattern and functional dependence. For many
and obvious reasons it proves expedient to order this
experience into a system of knowledge, invoking no-
tions of coherence, analogy, completion and logic.
Doing so, it appears that the margins of interpre-
tation, of whatever it is of our experience that can
be organized into mathematical structure, are flexi-
ble. Such is the underdetermination of theory by the
data.

Of course, I do not want to understate the real epistemological prob-
lem here. Namely, to what extent a statement of a physical theory
applying certain mathematical structures expresses an objective fea-
ture of the real object. This long-standing epistemological problem
is, however, related to the Truthsy of the statements of physical the-
ories, which has nothing to do with what makes a mathematical
proposition true, that is, with Truth;.



Az a tézis, mely szerint abbdl a ténybdl, hogy a matematikai
strukturak nélkiilozhetetlenek a fizikai elméletekben, kovetkeztethe-
tiink a matematikai strukturak létezésére, vagyis hogy a matematikai
objektumok ontolégiai statusza nem kiilonbozik a fizikai objektumok
ontologiai statuszatol, gyakran a Quine-Putnam-féle ,indispens-
ability argument”-re épiil:

(1) We ought to have ontological commitment
to all and only the entities that are indis-
pensable to our best scientific theories.

(2) Mathematical entities are indispensable to
our best scientific theories.

(3) We ought to have ontological commitment
to mathematical entities.

This means, we ought to have ontological commitment to the entities
that mathematical statements are talking about.
Vissza fogunk térni erre az argumentumra a késébbiekben.



A matematikalr elméletek mint formalis
rendszerek

Altalaban tehat egy matematikai elmélet egy formalis nyelv, amely
szimbolumokat tartalmaz, szintaktikai szabalyokat arra nézve, hogy
ezekbdl a szimbolumokbodl hogyan lehet osszetettebb un. formulakat
¢és formula-sorozatokat elGallitani, és logikai szabalyokat, amelyek ko-
vetkeztetési szabalyokat mondanak ki bizonyos formulak ,atalakita-
sara’, egyikrél a masikra valo attérésre”.

Példa (Paul Lorenzen)

Jelek: . Olyan stringek, amelyek két betiibdl allnak, a és b.

Axiémak:.
a
L=< XFXb (Rulel)
X FaXa (Rule 2)
Példaul,

Tétel:. aababb
Bizonyitas:.

a F ab F aaba + aabab F aababb
() (2 (1) (1)



The sentence calculus

Alphabet of symbols:

N? D? (7 )7p7 Q7 T? etC

Well-formed formulas:

1. p,q,r etc. are wis.
2. If A, B are wfs. then (~ A), (A D B), are wis.

3. All wis. are generated by 1. and 2.

Axiom schemes:

(L1) AD(BDA)
(L2) (AD(BDC)D((ADB)D(ADC(Q)))
(L3) (((~A)D(~B)D(BDA))

Modus Ponens:

(MP) A and (A D B) implies B




A predikatum kalkulus (PC)

A PC axiémai és a kovetkeztetési szabalyok

A PC egy, a fenti értelemben vett formalis nyelv +

Kovetkeztetési szabalyok

(MP) ¢-bdl és (¢ — 1)-b6l kivetkezik b (Modus Ponens)
(G)  @-bdl kovetkezik Ve (Generalizacio)

Axiémak (Axiéma sémak)

A kovetkezSkben, ¢, 1, x formuldk, x,y, y1,vy9, ... y,, ... valtozok,
és jelolje ¢(y) az a formulat, melyet gy kapunk, hogy a ¢(x) for-
mulaban az x valtozot, annak minden szabad el6fordulasa esetében
y-nal helyettesitjik.

V(¢ — ) = (¢ — Vayp))  hax nem fordul elg szabadon

(PCH) (Vx¢p — ¢)  ha x nem fordul el§ szabadon ¢-ben.

(PC6) (Vzop(z) — o(1)) feltéve, hogy a t terminus szabad x-re
nézve ¢(x)-ben.

PC axioméainak halmazat tgy fogjuk jelolni, hogy { PC'}



Megjegyzés

e Az axidmék tehat egyszertien a nyelv kivalasztott formulai.
(,Alapigazsagok”, stb. csak verbalis dekoracio).

e Loy formalis nyelv + a kovetkeztetési szabalyok + néhany axi-
O6ma egyiittesét altalaban formdlis rendszernek hivjuk.

Bizonyitas, tétel. Legyen ¥ egy formulahalmaz (tovabbi axio-
mak). Bizonyitds formulaknak egy (véges) sorozata, gy, hogy mind-
egyik formula vagy eleme { PC'} UX axidmahalmaznak, vagy a soro-
zatban szereplé korabbi formulabol van levezetve a kovetkeztetési
szabalyok valamelyikének alkalmazasaval. Egy bizonyitast alkoto

formulasorozat elemeit tételnek nevezziik. Ha ¢ tétel, azt igy szoktuk
jelolni: {PC}UX F ¢.

- ¢. Gyakran {PC'} F ¢ gyakran gy jelolik, hogy F ¢. (Mintha
semmibd6l” kovetkezne, de ez ne tévesszen meg minket: a PC axio-
mabol kovetkezik!) Ennek megfelelGen, ha {PC'} U X F ¢, azt ugy
is szokas jelolni, hogy 3 F ¢ (vagyis a PC axiomai hallgatolagosan
mindig oda vannak értve).

Konzisztencia. Formulak egy > halmazarol azt mondjuk, hogy

konzisztens, ha nem létezik olyan ¢ formula, melyre egyszerre fenn-
allna, hogy X F ¢ és X F .

Bizonyitottan ekvivalens formulak. Két ¢ és ) formula bizo-
nyitottan ekvivalens, ha & (¢ < ).



Kis kitér6s: Kiyjelentéskalkulus
Alphabet of symbols:

N? 37 (7 )7p7 Q7 T? etc

Well-formed formulas:

1. p,q,r, etc. are wis.
2. If A, B are wfs. then (~ A), (A D B), are wfs.

3. All wis. are generated by 1. and 2.

Axiom schemes:

(SC1)  AD(BDA)

(SC2) (AD(BDC)D((ADB)D(ADC()))
(5C3)  (((~A)D(~B)>(BDA))

Modus Ponens:

(MP) A and (A D B) implies B

A kijelentéskalkulus konzisztenciajanak ,.bi-
zonyitasa”

Definition: A coloring of SC is a function v whose domain is the
set of wfs. of SC and whose range is the set {red, blue} such that,
for any wifs. A, B of SC,

(1) v(A) # v(~ A)



(i) v(A D B) = blue if and only if v(A) = red and v(B) =
blue

Definition: A wfs. A is stably red if for every coloring v, v(A) =
red.

Proposition 1: For every formula A, if A is a theorem of SC
then A is stably red.

Proof: Let A be a theorem. The proof is by induction on the

number n of wis. of SC in a sequence of wis. which constitutes a
proof of A in SC.

n=1 A is an axiom. One can easily verify that every axiom of

SC is stably red.

n>1 Induction hypothesis: all theorems of SC which have
proofs in fewer than n steps are stably red.
Assume that the proof of A contains n wis. Now, either
A is an axiom, in which case it is stably red, or A follows
by (MP) from previous wfs. in the proof. These two wfs.
must have the form B and (B D A). But, since B and
(B D A) are stably red, it follows from (ii) that A is
stably red.

Proposition 2:  SC is consistent.

Proof: As is known (nemsokara be fogjuk bizonyitani!), one
can easily proof that if both X and ~ X are theorems in SC then
arbitrary formula is a theorem. Consequently, if there exists at least
one formula in SC which is not a theorem, then SC is consistent. By
virtue of Proposition 1 one has to show that there is a formula Y in
SC which is not stably red, that is, there is a coloring v such that



v(Y) = blue. Let Y be ~ p D q. Taking into account (i) and (ii),
v(Y) is determined by v(p) and v(q). Since v(Y) = blue whenever
v(p) = blue and v(q) = blue, Y cannot be a theorem of SC.

Formalis (kétértéki) értékelés (szemantika)
Igazsagérték

[gazsagérték egy olyan fiiggvény, amelynek értelmezési tartomanya
a SC forméalinak halmaza, értékkészlete pedig az {Igaz, Hamis}

halmaz, és az alabbi tulajdonsagokat elégiti ki: A PC tetszd6leges két
A, B formulajara

(1) v(A) # v(~ A)

(i1) v(A D B) = Hamis akkor és csak akkor ha v(A) =
Igaz és v(B) = Hamis

Taulologia

Az A formulat tautologianak nevezziik, ha tetsz6leges v igazsagér-
tekfliggvényre teljestil, hogy v(A) = [gaz.

A fenti tételekbdl kovetkezik, hogy az SC minden axidémaja tau-
tologia, és SC minden tétele tautologia.




Elemi tételek
1. Tétel. Tetszileges ¢ formuldra ¢ — .

Bizonyitads.
L. ¢ = ((¢ = ¢) = ¢) [(PC1)-bol]

2. (=0 —=0)—=9) — (@—=(0—0) — (6=
(PC2)-bal]

3. (0= (0 — @) = (¢ — @) |1. és 2. alapjan (MP)-bdl|
4. ¢ — (¢ — ¢) |(PC1)-bdl
5. ¢ — ¢ |4. és 3. alapjan (MP)-vel|

2. Tétel (Szintaktikai kompaktsag). Legyen > formuldk egy
halmaza. X+ @, akkor és csak akkor, ha 33 valamely véges X' részére

S .

Bizonyitds. A tétel trividlis kovetkezménye annak a ténynek, hogy
minden bizonyitas formulak egy véges sorozata.

3. Tétel. Ha a ¥ formulahalmaz inkonzisztens (nem konzisztens),
akkor tetszdleges formula levezethetd beldle, tehdt X F ¢ minden ¢-
re.

Bizonyitds. Feltevésiink szerint tehat van olyan ¢ formula, hogy
Y2 1) és ezzel egyiitt X F =), Legyen ¢ tetszbleges. Most megadjuk
@ egy levezetését X-bol:

(1) —) feltétel]
(2) ¢ = (¢ =) [(PCL)



(3) o — ¢ [(1), (2), (MP)]
(4) (¢ = =) = (¥ = ¢) [(PC3)]
(5) =9 (3), (4), (MP)]

(6) Y |feltétel]

(7) ¢ 15),(6), (MP)]

4. Tétel (Dedukciotétel). XU {o} F 1, és ) levezetése nem tar-
talmazza (G) alkalmazdsdt olyan x vdltozora nézve, amelyik szabadon

fordul eld” @-ben, akkor X2+ ¢ — 1.

Bizonyitds. Ha XU {¢} F v, akkor létezik olyan

X1, X2y -+« XEks- -+ Xn

formulasorozat, amelyik v bizonyitasa. Teljes indukcioval megmu-
tatjuk, hogy a tétel a bizonyitasban szereplé minden y; formuléara
igaz, tehat igaz x,-re (azaz 1)-re) is.

Tekintstik yi-et. x1 vagy logikai axidma, vagy eleme X-nak, vagy
azonos ¢-vel. Az elsg két esetben (PC1)-bdl és (MP)-bdl kapjuk,
hogy > F ¢ — x1. Ha x1 azonos ¢-vel, akkor az 1. tételbdl trividlisan
kovetkezik. Ezzel belattuk, hogy a tétel igaz yq-re.

(Indukcios feltevés) Allitasunk igaz minden y;-re, ha i < k.
Ennek alapjan megmutatjuk, hogy igaz xi-ra. Harom lehetéség van:

1. xi logikai axioma, vagy eleme ¥ U {¢}-nek. Ekkor ugyantgy
bizonyitunk, mint a y esetében.

2. xx-t az (MP) alkalmazasaval kaptuk valamely korabbi y; és
Y; — Xk formulak alapjan. Ekkor a kovetkezdképpen bizonyi-
tunk:



¢ — x; |(Indukcios feltevés)]

¢ — (xi = xx) |(Indukeios feltevés)

(@ = (i = xx) = (& = xi) = (@ = xx)) [(PC2)-b]
(¢ = xi) = (¢ = xx) [(MP)-bdl]

¢ — Xk [(MP)-bdl]

3. xi-t az (G) alkalmazaséaval kaptuk valamely korabbi x;-b6l va-
lamely y valtozora vett generalizacioval. Mivel a levezetés nem
tartalmazza (G) alkalmazését olyan x valtozora nézve, amelyik
szabadon fordul el ¢-ben, y nem jelenthet meg ¢-ben szabad
valtozoként, hiszen a generalizacioban alkalmaztuk. Tehat
¢ — xi|(Indukeios feltevés)

Vy (¢ — xi) [(G)-bal]

Vy (¢ — xi) = (@ = Vyxi) [(PC4)-bal|
¢ — Vyxi [(MP)-bdl|

¢ — Xk

Ezzel a tételt bebizonyitottuk.

5. Tétel. Ha XU {¢} o és ¢ zdrt, akkor X+ ¢ — .

A dedukciotétel alkalmazasaval tovabbi fontos és gyakran hasz-
nalhato tételeket bizonyitunk.

6. Tétel (Hipotetikus Szillogizmus (HS)). Tetszdleges ¢, és
x esetén: {g =, = x}pE ¢ —x

Bizonyitds.

(1) ¢ — 1 [felteves]

(2) —x  |[felteves

(3) ¢ |feltevés|

(4) Y (1), (3), MP|



(5) X [(2), (4), MP|

Bebizonyitottuk tehét, hogy {¢ — ¥, ¥ — x, ¢} F x. Végil, a de-
dukciotétel alkalmazaséaval kapjuk, hogy {¢ — 1,9 — x} F ¢ — x.

7. Tétel. Tetszdleges gp-re és h-re: —p — (Y — @)

Bizonyitds.

(1) - = (m¢ = ) |(PCL)]

(2) (¢ = ) = (¥ —¢)  [(PC3)]
(3) = (b —=¢)  [(1), (2), (HS)-tétel]

8. Tétel. Tetszdleges p-re: (- — ¢) — ¢

Bizonyitds. ElGszor azt fogjuk megmutatni, hogy {—¢ — ¢}

O:
(1) - — ¢ |felteves]
(2) ¢ = (70 (¢ = ¢) = —¢)  [(PCL))
(3) (72 (¢ = @) = 20) = (¢ = ~ (=0 = 9))  |(PCI)]
(4) = (0= 2(mp—=9)  [(2),(3) (HS)]
(5) (79 = (¢ = ~(=d = ¢)))
= (¢ = ¢) = (o = ~(~¢ = 9))) [(PC2)]
6 (¢ = ¢) = (= (¢ —9))  [(4), (5), (MP)]

(¢ = = (=¢ = 9) = (mp = ¢) = ¢)  [(PC3)]

)

7) ¢ —= (=g —¢)  [(1),(6), (MP)]
)
) (=p—=¢) = ¢  [(7), (8), (MP)]



(10) ¢ (1), (9), (MP)]

Innen a tétel allitasa a dedukcidtétellel azonnal adodik.

9. Tétel. Tetszdleges p-re: ——¢ — ¢

Bizonyitds. ElGszor azt fogjuk megmutatni, hogy {——¢} F ¢:

(1) ——¢  |[feltevés|
(2) ¢ = (=g = —=¢)  [(PCL))

(3) ~¢ =g (1), (2), (MP)]

(4) (76 = —~=¢) = (= = ¢)  |(PC3)]
() ¢ = ¢ [(3), (4), (MP)]

(6) 6 [(5), 8. Tétel, (MP)]

Innen a tétel allitasa a dedukcidtétellel azonnal kovetkezik.
Ezt felhasznalva, adodik a forditott iranyu tétel:

10. Tétel. Tetszoleges ¢p-re: ¢ — ——@

Bizonyitds.

(1) —=—¢ — ¢ [9. Tétel

(2) (77 = —¢) = ¢ = o [(PCI)]
(3) ¢ — - (1), (2), (MP)]

A 9. és 10. Tételeket szamos tovabbi tétel levezetésénél hasznalhat-
juk.

11. Tétel. Tetszdleges ¢-re és -re: (¢ — Y) — (—hp — —¢).



Bizonyitds.

(1) o — 1 |feltétel]

(2) —=¢p — ¢ |9. Tétel|
(3) ¢ — ¢ (1), (2), (HS)]

(4) Y — - |10, Tétel

(5) _'_'gb — ﬁﬁlb [(3)7 <4>7 <HS)]

(6) (7@ = ) = (9 — —¢)  [(PC3)]
(

7) ¢ —==¢  |[(5), (6), (MP)]
Végil a dedukciotételt alkalmazzuk.

12. Tétel. Tetszdleges ¢-re és -re: {p — 1, — =} F —¢.

Bizonyitds.

(1) ¢ — 1 |feltétel

(2) ¢ — v |feltétel

(3) (¢ —=v) = (- = —g)  |(PC3)]

(4) ¢ —=¢ (1), (3), (MP)]

(5) ¢ — = [(2), (4), (HS)

(6) (¢ — —¢) = (¢ — —¢)  |11. Tétel
(7) =g — ¢ [(5), (6), (MP),

(8) (7= — ~¢p) — ¢ 8. Tétel

(9) —¢ (7). (8), (MP)]

13. Tétel (Indirekt bizonyitas). Legyen 3 formuldk egy halmaza
és leqyen @ tetszdleges formula. X F ¢ akkor és csak akkor, ha a
YU {—¢} inkonzisztens.



Bizonyitds. Ha X b ¢, akkor JU{—=¢} F ¢. Masrészt X U{—¢}
—¢, tehat X U {—¢} valoban inkonzisztens.

Forditva, ha ¥ U {=¢} inkonzisztens, akkor van olyan 1, hogy
YUA{¢} F Y s XU {—-¢} F . Tehat, a 4. tétel miatt ¥
—¢ — 1. (Mivel ha ¥ U {—¢} inkonzisztens, ¥ mindig valaszthato
olyannak, hogy a dedukcio-tétel feltételei teljesiiljenek.) Hasonloan

kapjuk, hogy X F =¢p — —p. Alkalmazva a 12. Tételt, X F ==,
majd a 9. Tétel felhasznalasaval X = ¢.

14. Tétel. Teqyiik fel, hogy X ¢ és X . Ekkor X = ¢ N\ .

Bizonyitds. A 13. tételt fogjuk alkalmazni, vagyis belatjuk, hogy

a X U{=(¢ A1)} inkonzisztens. Emlékezziink, ¢ A 1 annak

a roviditése, hogy — (¢ — —p). Tehat azt kell belatnunk, hogy

> U {¢ — —p} inkonzisztens, ami trividlisan igaz, hiszen ¢ — —

MP-vel azonnal maga utan vonja, hogy X U {= (¢ A¢)} F —,

ugyanakkor a feltevésiinkbol kovetkezéen X U {—(p A )} F 4.
Hasonloan trivialis, hogy

15. Tétel. Ha X F ¢ vagy X F v, akkor X+ ¢ V 1.

16. Tétel. Legyen x szabad vdltozd a ¢(x) formuldban. Legyen to-
vabbd y eqy olyan vdltozd, amelyik nem fordul eld ¢(x)-ben, sem
kotott, sem szabad formdban. Ekkor

= Vao(z) < Yyo(y)

Bizonyitds.

1. Vao(z)

2. Va(z) = o(y)  [(PCO)
3. 6ly)  |(MP)]



4. Vyo(y)  [(G)]

Vagyis belattuk, hogy Vxo(x) F Vyop(y). A dedukeio-tétel alkalma-
zasaval tehat

- Vao(z) = Yyo(y)

Teljesen hasonlé modon bizonyitjuk a forditott iranyt is.

17. Tétel. Tetszoleges formulahoz létezik vele bizonyithatoan ekui-
valens prenex alakid formula.

Interpretacid

Egy nem teljesen helyénval6 el6zetes példa

Tekintsiik a kovetkezd mondatokat a PC-ben:

(01) VaVy (P (z,y) — P(z,y))
(0-2) (P <Qf, y) AP <y7 Z)) — P ($7 Z)
(03) Vydx P (x,y)

e Ha ugy interpretaljuk a P(x,y) két valtozos predikatumot,
mint a valaha élt emberek halmazaban (Sic!) értelmezett | x
Gse y-nak” relaciot, akkor nyilvanvaléan mindharom mondat
1gazZ.

e Ha tgy interpretéljuk P(x,y)-et, hogy az a > relaci6 a ter-
mészetes szamok N halmazan, akkor ezek a mondatok mind
igazak.

e Ha tgy interpretaljuk P(x,y)-et, hogy az a < relaci6 az egész
szamok Z halmazan, akkor ezek a mondatok mind igazak.



e Ha ugy interpretaljuk P(z,y)-et, hogy az a < relacid a termé-
szetes szamok N halmazan, akkor a (o71) és (02) a mondatok
igazak, de a (o3) hamis.

Sokan ,interpretacid’ alatt a fenti példahoz hasonloan azt értik, hogy
a formélis rendszer elemeinek a fizikai vildg (a platonizmus és in-
tuicionizmus szerint a platoni illetve mentélis vilag) olyan elemeit
feleltetjiik meg, melyek valamilyen intuitiv értelemben kielégitik a
szoban forgd formélis rendszer axiomait. A matematikai logiaban
interpretacio alatt mast értiink.

Interpretacié és modell

Interpretacio. Egy PC-ben értelmezett formélis rendszer interp-
retacioja egy

A= (U R, R, . f™ fr )
struktura, ahol

e [/ egy nem iires halmaz, melyet az interpretacio univerzumanak
fogunk nevezni.

e R R)?, ... az U-n értelmezett ny,no, ... argumentumos re-
laciok, melyeket a formaélis rendszer ni, no, ... argumentumos
P, P ... predikatumainak feleltetiink meg.

mi m2

o /1, fy°, ... olyan UxUXx...xU — U,

mi
UxUx...xU — U, sth. tipusu fliggvények, melyek

7

m3
a formalis rendszerben el6forduldé mq, mo, ... argumentumos

fiigvényjeleket reprezentaljak.



Szereposztas (értékelés). A formalis rendszerben el6forduld
t1, to, ... individum valtozokhoz és individum konstansokhoz rendre
hozzarendeljiik U-nak valamelyik elemét. (Tébb valtozohoz is ren-
delhetjiik ugyanazt az elemét U-nak.) Egy ilyen szereposztast rovi-
den a kovetkezSképpen fogunk jelolni: [ug, usg, . . .|

Teljesités. Most definidljuk egy ¢ formula teljesilését az A in-

terpretacioban egy adott [ug, us,us,...| szereposztas mellett. Ezt
ugy fogjuk jeldlni, hogy
A E ¢uy, ug, us, .. ]

Felhasznalva, hogy a nyelv helyesen képzett formulait hogyan
épitjiik fel (lasd a ?7. bekezdést), a definiciot a kovetkezd modon
adjuk meg:

1. A= P (ty,to,...t,) [u1, ug, us, . . .| akkor és csak akkor, ha az
Uy, ug, usg, . . .| szereposztasnak megfelelGen a t1,ts, ... ¢, ter-
minusoknak megfeleltetett wy , uy,, . . . uz, elemekre fennall a P
predikatumnak megfelels R relacio, tehat

R (try, sy, (2)

Ertelemszertien azt is megengedjiik (0sszhangban a terminus
definiciojaval), hogy egy t; terminus fiiggvénykifejezés legyen,
tehat pl. legyen tj, a f? (x1,x9) kifejezés. Ekkor az adott sze-
reposztasban az xy és xy valtozokat az univerzum valamely u,,
és Uy, eleme reprezentalja. Az f? 2-argumentumos fiiggvény-
jelet pedig valamilyen f: U x U — U figgvény. Ekkor a (2)
relacioban az u, helyére az jN’(uxl,u@) kifejezést, azaz az f
figgvénynek az u,,,u,, helyen felvett értéket irjuk.

2. A E —¢|uy, us, ug, . . .| akkor és csak akkor, ha nem igaz, hogy
A E ¢ uy,ug,us, .. ..



3. AE ¢ — Ylug, us, ug, .. .| akkor és csak akkor, ha vagy A |=
= [uy, ug, us, . . .| vagy A = [uq, ug, us, . . .

4. A EYyo (r1,29, ... Tp,y) [ug, U, . . . u,] akkor és csak akkor,
ha minden [uq, us, . . . uy,, w| értékelésre (ahol uy, ug, . . . u, fix)

A |: ¢[u1,u2,...un,w].

Ezzel egy formula teljesiilésének fogalméat konstruktive megadtuk.

Igaz A-ban. Haegy A ¢ |ui, us, us,...] minden [uy, ug, us, . . .|
értékelés (szereposztas) esetén, akkor azt mondjuk, hogy ¢ formula
igaz A-ban, és azt irjuk, hogy A = ¢. Ha ¢ mondat, azaz nem
tartalmaz szabad véltozot, akkor A | ¢ minden olyan esetben

ha A = ¢ |uq, us, us, .. .| tetszéleges |uq, ug, us, . . .| értékelés esetén
([t1, ug, us, . . .]-nek nincs jelentésége).

Univerzalisan igaz. Ha tetsz6leges A interpretaciora A = o,
akkor azt mondjuk, hogy ¢ wuniverzilisan igaz, és ezt ugy jeloljik,

hogy = ¢.

Példa. Legyen A = (W, A), ahol W a valaha élt emberek halmaza,
és A az . 0se” relacio. Vegyik pl. a JdxP(x,y) formulat. A E
drP(x,y) [v] akkor és csak akkor, ha létezik olyan w ember, hogy
A E P(x,y)|w,v]. Ez akkor és csak akkor all fenn, ha A(w,v).
De ez tetszéleges v esetén igaz, hogy tudniillik van olyan w, akire
A(w,v). Tehat A = JxP(z,y)[v] minden lehetséges v-re, ezért
A E3JxP(x,y), azaz v P(x,y) igaz A-ban.
Ezzel szemben, nyilvan N ¥ JzP(x,y), ahol N = (N, <).

18. Tétel. A PC axiomdr univerzailisan igazak.



Bizonyitds. pl. (PC6)-ra: Tegyiik fel hogy hogy valamilyen A
interpretacioban a valtozok valamilyen [uq, us, us, . . .| értékelése ese-
tén, (PC6) nem igaz. Ez akkor és csak akkor lehetséges, ha A
Vaep(x) [ug, us, us, . . .| ugyanakkor A ¥ o(y) [ui, us, us, ...]. De ez
ellentmondas, hiszen ha az y valtozo az értékelésben valamely u;-nek
felel meg, az el6z6 formula éppen azt allitja, hogy a ¢ relacio tennall
minden lehetséges u; mellett.

HF. Bizonyitsuk be a tételt a tobbi axidomara is.

Egy formulahalmaz modellje. Legyen X formulédk egy halmaza
PC-ben, és legyen az A interpretacié olyan, hogy A = ¢ minden
¢ € X esetén. Ekkor azt mondjuk, hogy A a X egy modellje.

19. Tétel. Legyen A eqy tetszdleges interpretdicio. Ha A | ¢ és
AE ¢ — ), akkor A=

Bizonyitds. Legyen [uy,us,us,...| tetszGleges értékelés. A |
gb [ul, Uo, Uz, . . ] és A IZ <¢ — @b) [Ul, Ug, Uus, . . ] A tGIJGSii—
lés (implikdciora vonatkozo) definiciojanal fogva: vagy A |
=@ [uy, ug, us, . . .|, ami feltevéstink szerint lehetetlen, vagy A |
Y |uy, ug, ug, . ..|. Mivel ez tetszGleges értékelésre igaz, a tételt bebi-
zonyitottuk.

20. Tétel. Legyen A eqy tetszdleges interpreticio. A | ¢ akkor és
csak akkor, ha A = Vxo.

Bizonyitds. Tegyik fel, hogy A [E ¢. Ekkor A |

¢ [uy, ug, us, . . .| tetszéleges [uq, ug, us, . ..| értékelésre, tehat A =
¢ |uy, ..., u;,...] minden olyan értékelésre is, ahol az x véltozonak

megfeleld u; elemet valtoztatjuk csak, a tobbit fixen tartjuk. Te-
hat A | Vao [ur, uz, us, ...] minden értékelésre, azaz A | Vao.



Forditva, ha A = Va¢, akkor A = Voo [ug, ug, us, .. .| tetszéleges
(U1, uo, ug, . . .| értékelésre. Mivel az Osszes értékelést tgy is megkap-
juk, ha el6bb vessziink egy értékelést és az x-nek megfelel§ u; elemet
varialjuk, majd vessziik az Osszes ilyet, A E ¢ [ug, ..., u;, . ..] min-
den lehetséges [uq, uo, us, . . .| esetén, tehat A |= ¢.

21. Tétel. Legyen PC(X) a PC egy tetszdleges Y-kiterjesztése, és
legyen A eqy tetszdleges interpretdacio. Ha a X axiomalista minden
formuldja igaz A-ban, akkor A egqy modellje PC(3)-nak, abban az
értelemben, hogy minden olyan ¢ formuldra, melyre X+ @, fenndll,

hogy A |= ¢.

Bizonyitds. Tekintsiink egy tetszéleges ¢ formulat, melyre X = ¢.
Ez azt jelenti, hogy létezik ¢-nek bizonyitasa. Legyen a bizonyitas
egy n formulabodl allo formulasorozat. Most teljes indukcidval meg-
mutatjuk, hogy ¢ igaz A-ban.

1. n=1. ¢ axiéma, tehat igaz A-ban.

2. n > 1. Indukcidés hipotézis: A bizonyitando6 allitas igaz min-
den olyan ¢ tételre (azaz % F ¢ formula esetében), amelynek
bizonyitasa maximum n — 1 1épésbdl all.

3. Ekkor igaz az n lépéshdl allo bizonyitassal rendelkezé ¢-re is.
Ugyanis a kovetkezd esetek lehetségesek:

(a) ¢ maga is axioma, tehat A = ¢.

(b) ¢ a (MP)-bdl (modus ponens) kovetkezik, mondjuk vala-
milyen korabbi y; és x; — ¢ felhasznalasaval. Marmost
Xi €s x; — ¢ mindketten olyan >-bol levezetheto tételek,
amelyek bizonyitdsa maximum n — 1 lépéshbdl all, tehéat a

19. tétel kovetkeztében A = ¢.



(¢) Hasonloan, ha ¢ a (G) (generalizacio) alkalmazéasaval ko-
vetkezik valamely korabbi y; formulabol, akkor a 20. tétel

kovetkeztében A = ¢.

Teljességi tétel

22. Tétel (Teljességi tétel). Egy ¢ formula akkor és csak akkor
bizonyithato PC-ben (vagyis csak a PC axidmdibdl), ha univerzdlisan
igaz. Szokdsos jeloléseinket haszndlva, = ¢ akkor és csak akkor, ha

=0

Bizonyitas.

1. F ¢ = [ ¢. Mint méar bebizonyitottuk, a PC axiéméi
univerzalisan igazak. A 21. tételbdl kovetkezden tehat PC minden
tétele univerzalisan igaz.

Fontos kovetkezmény. A predikitum kalkulus konzisztens.
Ugyanis ha nem volna az, tehat = ¢ és = —¢ egyszerre allna fenn,
akkor ebbdl kovetkezne, hogy | ¢ és | —¢, azaz lenne olyan A in-
terpretacio és olyan értékelés, hogy egyszerre A = ¢ [ug, ..., u;, .. .|
ésnem A = ¢ lug, ... u;, ...

2. E ¢ = F ¢. Ez akkor teljesiil, ha abbol, hogy ¢ nem tétel,
kovetkezik, hogy nem univerzalisan igaz. Vagyis azt kell megmutat-
nunk, hogy ha ¥ ¢, akkor =¢-nek létezik modellje. —¢-nek ugyanis
csak akkor létezik modellje, ha ¢ nem univerzalisan igaz. Az 13. té-
tel kovetkeztében, ha ¥ ¢, akkor a {—¢} egy elemii formulahalmaz
konzisztens. Ezért, a Godel-Henkin-tétel kovetkeztében — melyet az
alabbiakban fogunk bizonyitani — létezik modellje. Marpedig ha ez
igaz, akkor ebben a modellben ¢ hamis, tehat ¢ nem univerzalisan
igaz. Tehat = ¢-bdl kovetkezik = ¢, és ezzel a tételt bebizonyitottuk.



Természetesen, most kovetkezik a Godel-Henkin-tétel.

23. Tétel (Godel-Henkin teljességi tétel). Ha egy ¥ formula-
halmaz konzisztens, akkor létezik modellje, azaz létezik olyan A in-
terpretdacio, hogy A = ¢ minden ¢ € X formuldra.

PC(=) (predikdtum kalkulus identitassal)

Az el6z6ekben megismert predikatum kalkulust egy tovabbi
predikatum-jellel egészitjiik ki. Legyen F (,ugyanaz mint”,  egyenld”)
egy kétvaltozos predikatum. E tulajdonsagait a kovetkez6 axiomak
hozzéadéasaval rogzitjiik:

Az egyenl6ség axidémai

(E1) E(z,2)

(EQ) E(t,s) = E(f" (uy,ugy ... t,. .. upn), [ (U1, Uy ..., Sy Up))

<E3> Et,s) = (¢ (up,ug,y ...t ..o uy) = @ (Ug, Uy ooy Sy e Up))

Kényelmesebb jelolés: x =y = FE(x,y)

HF.. Mutassuk meg, hogy E tranzitiv és szimmetrikus.



Aritmetika

AG r-sy=(x-y)+a

(A1) - (0 = sz)

(A2) (sz = sy) = (x =y)
(A3) r+0=ux

(A4) T+ sy =s(x+y)
(A5) z-0=0

(AD)

(A7)

A7 (P(0) AVz (P(x) = P(sx))) — VxP(x)
ahol természetesen x = y, x + y illetve x -y az E(x,y), +(z,y)
illetve -(x,y) helyett all, ahol E az egyenlGség predikitum, + és
- pedig fliggvények. s szemléletes jelentése az ,hozzdadunk egyet”
mivelet, P pedig egy tetszéleges egyvaltozos predikiatum. (AT7)-et
az indukcio axiomasémadjinak is szokas nevezni.

Vezessiik be a 1,2, 3, ... jeleket a kovetkez6 individualis konstan-
sok jelolésére:

1: s
2 550
k: S...85 0

k darab



NB.

A jelolésekben hasznaljuk a szamokat és irunk olyat, hogy ..k-darab”,
sth. Vegyiik észre, hogy ezek csak kényelmi, tipografiai eszkozok, és
nem torténik lényegi hivatkozas valamilyen ,el6zetesen ismert arit-
metikara’.



Igaz-e, hogy 2+ 2 =47

24. Tétel. {aritmetika} -2+ 2 =4 a PC(=)-ben.

Bizonyitds. A jelolések definiciojat alapul véve tehat azt kell bi-
zonyitanunk, hogy ss0 4 ss0 = ssss0:

L.
2.

$s0 + 550 = s(ss0 + s0) [(A4)-bdl|
s(ss0 4 s0) = ss(ss0 + 0) |[(A4)-bd]]

3. ss0 + ss0 = ss(ssO + 0) [1. és 2. alapjan (E3) és (MP)

NB..

felhasznalasaval

ss0+ 0 = ss0 [(A3)-bdl|

. 550 4 550 = 55550 [3. és 4. alapjan (E3) és (MP) felhasznala-

saval|

Gyakran olvashatunk az irodalomban olyan gondolatmenete-
ket, amelyek a ,szandékolt interpretaciorol” szolnak. Termeésze-
tesen, lehet valamilyen intuicionk el6zetesen arrol, hogy az axi-
omatikusan felépitendé matematikai strukturatol mit varunk.
De ennek szigort, elméleti, matematikai értelemben nyilvan
nem lehet semmiféle jelentGsége. (A matematikaban egyébként
is szamtalanszor elfogadunk formélis elméleti gondolatmenetek
utjan nyert konkluziokat, melyek esetleg ellentmondanak a ,,jo-
zan észnek”, vagy az elGzetes intuitiv varakozasainknak. Gon-
doljunk példaul arra, hogy intuitive tobb racionalis szamnak
kellene lennie, mint egész szamnak, mégis elfogadjuk a formalis
bizonyitést, hogy a két halmaz szdmossaga azonos.) Osszegezve
tehat, az aritmetika az, amit most axiomatikusan felépitiink!



e Természetesen lehet arrél beszélni, hogy egy axiomatikusan fel-
épitett aritmetika hasznos matematikai struktira-e szamunkra,
abban az értelemben, hogy hasznalhato-e a vilag leirdsaban,
vagyis a fizikal elméletekben. Tehat az aritmetika axiomatikus
felépitése soran lehet az a szandékunk, hogy egy olyan struk-
tarat hozzunk létre, amely majd alkalmas lesz — egy megte-
lel¢ fizikai elmélet részeként — annak leirdsara, hogy hogyan
miikodik a pénztargép, vagy alkalmazhato lesz abban a fizikai
elméletben, amelyet egy juhasz hasznal a nyajba tartozo juhok
nyilvantartasara, stb.

o [élreértések elkeriilése érdekében felhivjuk a figyelmet arra,
hogy az itt alkalmazott jelolések eltérnek a tankonyvekben szo-
kasos jelolésektsl. Az itt szamokkal jelolt 1,2, ..., és szamok-
nak, tehat egynek”,  kettének” stb. nevezett individuum kons-
tansok rendszerint valamilyen megkiilonboztetd jelolést kap-
nak, 1,2,3,... (lasd Crossley), vagy 0,02 08 (lasd Ha-
milton), stb. Es rendszerint nem is nevezik ket szamoknak,
hanem  szamjegyeknek”,  szédmneveknek” (numerals, numeral
terms), megkiilonboztetésil az ,igazi” szamoktol, azaz vala-
milyen értelemben mar el6zetesen létezd szamelmélet szam-
fogalmatol, melyeknek a fenti értelemben vett axiomatikus arit-
metika valamiféle axiomatizalt” elmélete. Az itt szorgalmazott
felfogas szerint azonban az aritmetika az, amit itt axiomatiku-
san megadunk. Nincsenek ,aritmetikai igazsdgok” masok, mint
amiket az axiomatikus aritmetikaban az axiomakbol levezethe-
tiink. Semmi okunk tehat arra, hogy éppen azt jeloljiik valami
massal, ami van, és azt jeloljiik 1,2, 3, .. .-mal, ami nincs!

[t is completely meaningless to talk about “intuitive arithmetic”,
“naive set theory”, “intended interpretation”, and the like, or to differ-
entiate ‘“numbers” from “numerals”’, or use the phrase “axiomatization
of ...”, etc. For instance, from the point of view of physicalism, there

can be no arithmetic in mathematics before axiomatic arithmetic has



been established. We do not “know” in advance that “34+2 = 5" un-
til the corresponding axiomatic theory is constructed in which this
formula exists, until this formula is derived from the arithmetical

axioms.

Counting using your fingers, or observing that

(A) When the apple-counter equipment interacting with the ap-
ples on plate I shows figure |3] and the apple-counter inter-

acting with the content of plate II shows figure |2| then the
apple-counter interacting with apples on the table shows

figure |5/.

are observations about the physical world outside of the realm of
mathematics. These physical observations have nothing to do with
the mathematical truth of formula 3 + 2 = 5. It does not follow
from these observations that 3 +2 = 5 because this formula is a
formula of arithmetic. And the only truth mathematics (arithmetic)
1s concerned with is Truth;. We cannot infer the truth of formula
342 = 5 from the physical observations of apples, plates and tables.
This is not because “the general arithmetical truth 3 +2 = 5 is
obtained by abstraction from many other similar observations”. It
is because we can infer its truth from a completely different physical
observation: the observation of a sequence of formulas constituting
a proof of formula 3 + 2 = 5 within arithmetic.



(PCL)  (¢—= (¥ —9))

(PC2) (¢ =W —=x) = (@—=v) = (¢ — X))

(PC3)  ((~¢ = ) = (¥ = 9))

(PC4)  (Va (¢ — ¥) = (¢ — Vauh)) feltéve, hogy ¢ nem tartalmazza = szabad clgfordulésat.
(PC5) (V¢ — ¢) ha 2 nem fordul el§ szabadon ¢-ben

(PC6) (Vxp(x) — ¢(y)) feltéve, hogy amikor az = szabad eléfordulasait y-nal helyettesitjiik, akkor y szabad
valtozo ¢(y)-ban.

(MP) o, (¢ — 1)-bol kovetkezik 1) (modus ponens)

(G) ¢-bdl kovetkezik V¢ (generalizéacio)

(E1) E(z,x)

(E2) E(t,s) — E(f" (ur,ug, ...ty uy), [ (ug,ug, ..., 8, ... Uy))
(E3) E(t,s) = (¢ (ur,ugy ...ty up) = ¢ (ug,ug,y ..., 8, ... Uy))
(A1) = (0 = sx)

(A2)  (sz=sp) > (3 =y)

(A3) r+0=ux

(A4) r+sy=s(x+y)

(A5) z-0=0

(A6) r-sy=(z-y)+z

(A7) (P(0) AVx (P(x) — P(sz))) = Ve P(z)

1 $550 + 550 = s(ss50 + s0)

2 s(sss0 4 s0) = ss(sss0 + 0)

3 $550 + 550 = ss(s550 + 0)

4 5550 + 0 = 5550

) 5550 + 550 = ssss50

Of course, one can construct a physical theory describing a phys-
ical system consisting of apples, plates and a table. It would consist
of a formal system L and semantics S which relates some elements of



the formal system L to observed phenomena. Of course, we observe
the situation described in (A) many times and regard it as a law-like
regularity:

(B) Whenever the apple-counter interacting with the apples on
plate I shows figure |3| and the apple-counter interacting
with the apples on plate II shows figure |2] then the apple-
counter interacting with the apples on the table shows fig-

ure |5/,

This regularity can be expressed in the physical theory (L, S) in the
following way: The formal system L contains the axioms of the first-
order predicate calculus with identity, PC(=), and the axioms of
arithmetic. Semantics S relates the figures 3], |2] and |5] shown by
the counters to the symbols 3,2 and 5 (where 3 is an abbreviation
for sss0, etc.) and the regularity (B) will be related with formula
3+2=05.

NB. When I say that the semantics “relates” some elements of the
observed phenomena with some symbols in L. I do not mean a map,
or function or relation of mathematical character. That would be
a categorical mistake! Maps, functions and relations are mathe-
matical objects, existing only in a formal system (incorporating set
theory). Such a semantical relationship is always embodied in causal
concatenations, relating the formal system with other physical sys-
tems. You see the figure |3] on the instrument and put your finger on
the symbol 3 on the paper. Simultaneously the neural configuration
of your brain or—let me put it in a more Searlean way—the whole
physical state of your brain and body is such that you have the im-
pression in your mind that the two things are germane to each other.

From physicalist point of view, the involvement of human ac-
tivity does not make an essential difference. In order to avoid any



confusion about the role of human mind in this procedure, one can
always imagine a robot doing the job. Thus, imagine a robot (a com-
puter with all the required peripherals) designed (programmed) in
the following way: he observes the figure shown by the apple-counter
interacting with the apples on plate I. He identifies the observed fig-
ure with a definite symbol in L. namely, with one of the numbers
(“numerals”; if you like, I do not make a distinction), say 3. He ob-
serves the figure on the other counter and puts his finger on number
2. He also observes the figure shown by the apple-counter interacting
with the apples on the whole table, and identifies this figure with,
say, 5. Then the robot checks on whether 3 + 2 = 5 is a theorem in
L, that is, in arithmetic, or not. Since 7, 3+ 2 = 5, he reports that
the phenomenon he observed is compatible with the physical theory
(L,.S). And so on,

This example, I believe, gives an intuition about how arithmetic
works within a physical theory that describes real phenomena. But,
the success of such a physical theory—uwithin its range of applicability,
of course—does not entitle us to claim that “there are numbers” as
entities—different from “numerals”. Nor can we say that “3+2 =15"
is a truth about them, that we can know before proving the corre-
sponding formula in (“aziomatic”) arithmetic. 34+ 2 = 5 is only a
formula in arithmetic, and the only truth it holds is its Truthy: that
1s it 1s a theorem of arithmetic.

Finally, it is worth while emphasizing that not only does the
empirical fact (B) not imply that 342 = 5 is a theorem of arithmetic,
but, vice versa, the arithmetical theorem 3 + 2 = 5 in itself does
not imply the physical fact (B). Moreover, the arithmetical theorem
3+ 2 = 5 in itself does not even imply the physical hypothesis,
that (B) is true. Such a physical prediction only follows from the
corresponding physical theory (L, .S) incorporating arithmetic.



Halmazelmélet

»,Naiv’ halmazelmélet — formalis (axiomatikus)
halmazelmélet

Szokas azt mondani, hogy azért kell a halmazelméletet ,axiomati-
zalni”, mert a .naiv’ halmazelméletben bizonyos paradoxonok fogal-
mazhatok meg, és az axiomatikus modszerrel ezek kikiiszobolhetdk.
Természetesen nem ezért kell megadnunk a halmazelmélet axioma-
tikus elméletét, hanem azért, hogy egyaltalan legyen halmazelmélet.
Mas szoval, nincs ,naiv’ halmazelmélet! (Legfeljebb abban a didak-
tikal értelemben, ha egy tankonyvben bevezetiink néhany halmazel-
méleti fogalmat és kimondunk néhany halmazelméleti tételt, anélkiil,
hogy megadnank ezek bizonyitésat.)

Ernst Zermelo (1905) és Abraham Fraenkel (1920) utan, a hal-
mazelmélet itt targyalt axiomatikus elméletét ZF-nek szokas nevezni.

A halmazelméletet a PC(=)-ben adjuk meg. Az egyenlGsé-
gen kiviil a nyelv tartalmazni fog egy kétvaltozos predikdtumot, €
(,eleme”).

A halmazelmélet (ZF) axiomaéi

(ZF1) dxVu— (u € x)
(tlres halmaz arioma) Mivel ez az axidma garantalja az
tires halmaz létezését, bevezetjiik az iires halmaz jelolé-
sére a () jelet.

(ZF2) VaVy Vu(u €z <> u €y) <> x =y)
(meghatdrozottsdgi axioma) Az axidma azt fejezi ki, hogy
egy halmazt egyértelmtien meghatarozza, hogy mely hal-
mazok az elemei.



Jelolés. wu C v a kovetkezd formula  roviditése:
Ve (r € u — x € v)

(ZF3) VaVydzVu (u € z+>u=xVu=y)
(pdrazioma) Vagyis két halmazbol lehet képezni egy
olyan halmazt, amelynek 6k az elemel.

Jelolés. Az axioma altal garantalt z halmazt szokas a kovetkezo-
képpen jelolni: {x,y}

(ZF4) VedyVz(z € y <> Ju(u € x A z € u))
(az unid axidmdja)

Jelolés. Azt az objektumot, amelynek létezését (ZF4) garantalja
Uz-el fogjuk jelolni. Pl két halmaz unidjara, vagyis az U{x,y}
halmazra bevezetjiik az x U y jelolést.

(ZF5) VedyVz (z € y <> 2z C x)
(a hatvdnyhalmaz axiomdja)

Jelolés. Az axioma altal garantalt y halmazt szokas 2*-el jelolni.

(ZF6) Vedlyo (z,y) = Vz3uVv (v € u <> Jo(o € z A ¢ (0,v))),
ahol ¢ (x,y) tetszleges két szabad valtozot tartalmazo
formula, melyben feltessziik, hogy a Vv és Vo kvantifika-
ciok nem fordulnak el6.

(helyettesitési axiomaséma)

(ZF7) dx(dexAVylyexr —yU{ytex)) ({y} a rovidi-
tése az {y, y}-nak)
(a végtelen halmaz axiomdja)

(ZF8) Ve(—mx=0—3TJylyeaxAN-3z(z€yAz€un)))
(reqularitdsi azioma) Vagyis, hogy minden nem iires x



halmaznak van olyan eleme, amely diszjunkt x-t6l. Ez-
zel elérjiik azt, hogy egyetlen halmaz sem lehet eleme
onmaganak.

(ZF1)—(ZF8) elégséges ahhoz, hogy a matematika egy jelentds ré-
szét felépitsiik. Pl. a természetes szamok egy modelljét a kovetkezd
halmazokbol allo univerzumon adhatjuk meg:

0 0

1 {0}

2 {0,{0}}

3 {0,{0,{0}}}

ZFC

(AC) Tetszoleges nem tires x halmazhoz létezik olyan y halmaz,
amelyre igaz, hogy x minden elemével pontosan egy kozos
eleme van.

Kontinuum Hipotézis

(CH) Valos szamokbol allo tetszoleges végtelen halmaz vagy
megszamlalhato szamossagu, vagy kontinuum szamos-
sagu.

F két utolsd axiomat illetGen kérdések meriiltek fel. Le lehet-e
vezetni ezeket a (ZF1)-(ZF8)-bol? Es ha nem, konzisztens mo-
don hozzéavehetdk-e az alap ZF rendszerhez, kiilon-kiilon, és egytitt?
Ezekre a kérdésekre részben 1938-ban Godel egyik munkajaban,
majd késébb (1963) Cohen munkaiban kaptunk vélaszt. Godel meg-
mutatta, hogy ha a ZF konzisztens, akkor (AC) és (CH) konzisztens



modon hozzavehetd az axiomarendszerhez. Cohen azt mutatta meg,
hogy sem (AC) illetve (CH), sem a negéltjaik nem vezethetsk le a

ZF-bél, tehat fiiggetlen axiomakrol van szo. (Egyméstol is fiiggetle-
nek.)

NB

1. Felmertl a kérdés, hogy a matematikai logika kifejtésekor hon-
nan vannak halmazok és azokon értelmezett relaciok. Pontosab-
ban, hogy honnan vessziik, hogy azok az allitasok, amelyeket az
interpretaciot jelenté halmazelmeéleti struktiarakra vonatkozoan te-
sziink, igazak. Ezek a fejezetek most valtak teljessé, azzal, hogy
megadtuk a halmazelmélet axiomait. Példaul, a teljesités fogalma-
nak definicidjéban, A = P (x1,z2) [u1, us] akkor és csak akkor, ha
{ZF} F{uy,us} € R. Természetesen a modell-elméleti szemantika
még ezzel sem teljesen problémamentes. Hiszen az interpretalando
elsérendi nyelv elemei és a halmazelméleten beliil, mint masik el-
sérendd nyelven beliil definidlt, az interpretaciot nyajtoé struktira
elemei kozotti megfeleltetés nincs valamely formalis, els6rendid nyelv
keretei kozott megadva, hanem a metanyelv, ha tetszik a koznapi
magyar nyelv segitségével van elmesélve. Valamint a teljestilés defi-
nicivjaban val6jaban nem a ZF-ben levezethetd allitasokra hagyatko-
zunk, hanem a ZF-r6l sz6l6 metamatematikai allitasokra. Vilagosan
latszik ez a A | P (x1,29) [u1, ug| akkor és és csak akkor, ha
{ZF} ¥ {u1,us} € R” definicioban.

2. Els6 pillantasra bizarrnak tiinhet, a halmazelméletnek a modell-
jeir6l beszélni, hiszen ez azt jelenti, hogy a halmazelméletnek a hal-
mazelméletben adjuk meg az interpretaciojat. Valojaban itt nincs
semmi probléma, és formalisan ugyanigy jarunk el, mint mas axio-
marendszerek esetében.



3. Az axiomarendszerekkel kapcsolatban gyakran teszik fel a kér-
dést: ,Van-e valami, ami a szoban forgd axiomakat kielégiti?” S6t, azt
is meg szokas kérdezni, hogy , Azok a dolgok, amelyeknek az axidoma-
ir6l van szo, kielégitik-e ezeket az axiomékat? Es azt is, hogy ,Vajon
csak azok a dolgok tesznek-e eleget a szoban forgd axiomaknak, ame-
lyeknek szandékunk szerinti axiomairol van sz6?” Ezek értelmetlen
kérdések. Emlitettiik mar, hogy értelmetlen | szandékolt interpreta-
ciorol” és valaminek az ,axiomatizalasarol” beszélni, tovabba nincs
standard aritmetika’, amelyet  axiomatizalunk” és nincs ,naiv hal-
mazelmélet”, amelyet axiomatizalunk” A szigort értelemben vett
matematika szamara ezek az elméletek akkor léteznek, ha megad-
juk a megfelel6 axiomatikus felépitését, méghozza az itt megismert
PC(=)-ben. Es ezek az elméletek semmi egyebek, mint amelyeket
ilyen moédon axiomatikusan megadunk. Ontologiai értelemben ér-
telmetlen olyan ,dolgokrol” beszélni, amelyek . eleget tesznek” ezek-
nek az axiomaknak, vagy amelyek . tulajdonsagait” ezek az axiomak
JSukrozik”. Amik léteznek, azok egyszertien azok a jelek és azok a
szintaktikai szabalyok (mechanizmusok), amelyek az adott deduktiv
rendszerben hasznélatosak.



The physicalist ontology of formal systems

Thesis:

The objective fact expressed by a mathematical
proposition is a fact of the formal system itself,
that is, a fact about the physical signs and the
mechanical rules according to which the signs can
be combined.

It is a common belief that philosophy of mathematics must take
account of our impression that mathematical truth is a reflection of
fact. As Hardy expresses this constraint,

IN|o philosophy can possibly be sympathetic to a math-
ematician which does not admit, in one manner or the
other, the immutable and unconditional validity of math-
ematical truth. Mathematical theorems are true or false;
their truth or falsity is absolute and independent of our
knowledge of them. In some sense, mathematical truth
is a part of objective reality.?

In this section, my aim is to determine what this objective fact ac-
tually is.

As we have seen in the previous sections, mathematical proposi-
tions, contrary to the propositions of physical theories, are not about
anything outside of mathematics, neither in the physical world nor
a platonic world—even if the latter were not disqualified for various
philosophical reasons. Therefore, this fact can only be a fact of in-
side the realm of mathematics. More exactly, taking into account
that the only means of obtaining reliable knowledge about this fact
is mathematical proof, it must be a fact of the realm inside of the
scope of formal derivations. I shall argue that this fact is a fact of

‘Hardy 1929.



the formal system itself, that is, a fact about the physical signs and
the mechanical rules according to which the signs can be combined.

In my—perhaps prejudiced®—reading, Hilbert’s position was very
close to this view:

Kant already taught—and indeed it is part and parcel of
his doctrine—that mathematics has at its disposal a con-
tent secured independently of logic and hence can never
be provided with a foundation by means of logic alone;
that is why the effortes of Frege and Dedekind were bound
to fail. Rather, as a condition for the use of logical infer-
ences and performance of logical operations, something
must already be given to our faculty of representation
lin der Vorstellung|, certain extralogical concrete objects
that are intuitively |anschaulich| present as immediate
experience prior to all thought. If logical inference is to
be reliable, it must be possible to survey these objects
completely in all their parts, and the fact that they oc-
cur, that they differ from one another, and that they
follow each other, or are concatenated, is immediately
given intuitively, together with the objects, as something
that neither can be reduced to anything else nor requires
reduction. This is the basic philosophical position that I
consider requisite for mathematics and, in general, for all
scientific thinking, understanding, and communication.
And in mathematics, in particular, what we consider is
the concrete signs themselves, whose shape, according to
the conception we have adopted, is immediately clear and

5Tt is an arguable historical question how Hilbert actually considered the “concrete signs them-
selves” as intuitively present as immediate experience prior to all “logical inferences”. In some
readings, Hilbert’s views are compatible with a kind of structural /conceptual realism /platonism.
(Cf. Isaacson 1994.) Anyhow, I shall formulate an argument against the view that mathematics
has anything to do with some “abstract structure” over and above the physical signs and physical
mechanisms constituting the formal system in question.



recognizable.’

Sometimes it is argued that symbolism is merely a “convenient short-
hand writing” to register the results obtained by thinking. To be sure,
according to the physicalist account of the mental, it is not important
how much “thinking” is involved into the formal manipulations. It
is worth while to mentioning, however, that thinking actually plays
a marginal role in formal derivations—from the point of view of the
truth conditions of a mathematical proposition. I am not concerned
about the context of discovery but about the context of justification
of a mathematical truth. The discovering of a new conjecture and
the discovering of a proof of a conjecture or the definition of a new
concept no doubt require the faculty of creative thinking. But, the
justification of a mathematical truth, that is, to test that a given
sequence of formulas constitutes a proof of a proposition, does not.
The more strictly formalized the proof is, the less creative think-
ing involved. Consequently, the test of the truth conditions of a
mathematical proposition is indifferent to complex creative think-
ing. For instance, when we perform a formal derivation on paper,
since each step of manipulation is governed by strict rules, human
beings could be replaced by trained animals, robots, etc. Actually,
the test whether a given sequence of formulas constitutes a proof of
a proposition can be performed by a Turing machine.

Hilbert still emphasizes that the complete process of sym-
bolic operations must be surveyable to us. This was a very
common idea at his time. However, in the contemporary mathe-
matics there are derivations which are not surveyable by the human
mind—we cannot observe the whole derivation process, only the out-
come of the process, the proved theorem. This is the case, for exam-
ple, in the proof of the four-color theorem,” where certain steps of
the proof are performed through very complex computer manipula-

SHilbert 1967, p. 376.
"See Tymoczko 1979.



tions. Sometimes even the theorem obtained through the derivation
process is not surveyable. It often happens, for example, that the
result of a symbolic computer language manipulation is a formula
printed on dozens of pages which is completely incomprehensible to
the human mind.

So far we have focused on the epistemological aspects of the
problem of mathematical truth. The results of our investigation can
be summarized in the following observations.

e Regarding the truth conditions of a mathematical proposition,
contrary to the propositions of physical theories, we do not need
to refer to the world outside of the formal system in which they
are formulated.

e Testing whether a given string of signs is proof of a mathemat-
ical statement is completely determined by the formal system
itself, no matter whether and to what extent human mental
faculties are involved in the mechanical procedure of deriva-
t1iomn.

e The process of derivation that leads us to the knowledge
of the truth of a mathematical proposition is nothing
but the truth-condition of the mathematical proposition in
question.

The ontology of formal systems is crystal-clear: marks, say ink
molecules diffused among paper molecules, more exactly, their in-
teraction with the electromagnetic field illuminating the paper, or
something like that. The rules according by which the marks are
written on the paper form a strict mechanism which is, or easily
can be, encoded in the regularities of real physical processes. From
the point of view of the truth conditions of a mathematical proposi-
tion, human activity in this process plays a marginal role. Moreover,
the marks and rules can be of an entirely different nature, like, for



instance, the cybernetic states of a computer, supervening on the
underlying physical processes.

Sometimes one executes simple formal derivations also in the
head.® However, from the point of view of the physicalist inter-
pretation of mind this case of formal manipulation does not prin-
cipally differ from any other cases of derivation processes. If the
signs and the rules of a formal system can be embodied in vari-
ous physical states/processes, why not let them be embodied in the
neuro-physiological, biochemical, biophysical brain configurations—
more exactly, in the physical processes of the human brain? If this is
the case, that one of the paths—as some rationalists believe, the only
path—to trustworthy knowledge, the deductive/logical thinking, can
be construed as a mere complex of physical (brain) phenomena, with-
out any reference to the notions of “meaning” and “intentionality”,
or the vague and untenable concept of the acausal “global” superve-
nience on the physical,” then this is, actually, a very strong argument
for physicalism.

That is to say, mathematical truths are revealed to us only
through real physical processes. From this point of view we must
agree with the quantum computer theorists David Deutsch, Artur
Ekert, and Rossella Lupacchini:

Numbers, sets, groups and algebras have an autonomous
reality quite independent of what the laws of physics de-
cree, and the properties of these mathematical structures
can be just as objective as Plato believed they were (and
as Roger Penrose now advocates). But they are revealed
to us only through the physical world. It is only physical
objects, such as computers or human brains, that ever
give us glimpses of the abstract world of mathematics.!

SMuch more rarely than one would think. Even in the simplest cases, a proper formal
derivation is much too complex to be executable in one’s head.

9Cf. Chalmers 1996, pp. 33-34
0Deutsch et al. 2000, p. 265.



[t seems that we have no choice but to recognize the de-
pendence of our mathematical knowledge (though not, we
stress, of mathematical truth itself) on physics, and that
being so, it is time to abandon the classical view of com-
putation as a purely logical notion independent of that
of computation as a physical process.!!

(Note that they still maintain a platonic concept of truth in logic
and pure mathematics as independent of any contingent facts. The
reason is the distinction they draw between knowledge and truth.
They do not recognize what I emphasized above that the existence
of a physical process of derivation that leads us to the knowledge ot
the truth of a mathematical proposition is nothing but the truth-
condition of the mathematical proposition in question.)

In order to determine what kind of objective fact is reflected
in a mathematical truth, we apply our ontological test question
Q2: In what respects is the world different if a given mathematical
proposition is true or false? In other words, what kind of state of
affairs in the world determine whether a mathematical proposition is
true or false?” Now we can answer this question. As the above epis-
temological analysis shows, the truth of a mathematical proposition
is determined by a fact of the formal system in which the proposi-
tion is formulated. That is to say, it reflects a fact of the physical
system consisting of the signs and the mechanism of derivation in
question; a mathematical proposition 1s nothing but an ordinary sci-
entific statement of the existence of a proof, that is, the existence of
a particular physical process in the formal system in question. The
mathematical proposition ‘342 = 5", which actually means formula
3+ 2 = 5 derives from the formulas called the axioms of arithmetic’,
is nothing but—this is the physicalist step—the scientific assertion

"Deutsch et al. 2000, p. 268.



that there exists a proof-process in the formal system called arith-
metic, the result of which is the formula 342 = 5. This is an ordinary
scientific assertion, just as the assertion of the chemist about the ex-
istence of the process 2Hy+ Oy — 2H50. In this way, mathematical
truths express objective facts (of the physical world inside of the for-
mal system as physical system). They are synthetic, a posteriori,
not necessary, and not certain, they are fallible, but have contingent
factual content, as any similar scientific assertion.

This is not a linguistic ob-
ject!

34+2=5

actually means that the usual formalist step

‘formula 3 + 2 = 5 derives from
the formulas called the axioms of | This s a linguistic object!
arithmetics’

which is nothing but the physicalist step

This is a usual scientific as-
sertion, just as the asser-
tion of the chemist about
the existence of the process

the assertion that there exists a
proof-process in the formal
system called arithmetics, the
result of which is the formula

S+2=05 2Hy + Oy — 2H50

According to this view, a mathematical proposition can be true
before anybody can prove it. This simply refers to the normal situ-
ation in sciences, that things exist in the world that have not been
discovered vyet. It is true that process 2Hy + Oy — 2H50 exists
in the world even if the chemist has not discovered the existence of
this process yet. Actually, it would be better to give an example of
a reaction in the chemistry of man-made materials such as plastic.
The laws of nature predetermine whether a certain chemical process
is possible or not, even if nobody has initiated such a process yet.
But this kind of independence of the concept of objective truth of
mathematical statement from the concept of ‘having been proved’




does not entitle us to claim—as the platonists do—that there is a
“truth” in mathematics which is different from the concept of ‘being
a theorem in a formal system’. In this sense, the statement of Gold-
bach’s conjecture is objectively true or false; it is an objective fact
of the formal system, as a physical system, that there exists proot
for such a statement or not. But this objective truth or falsity has
nothing to do with such a platonic concept of truth and falsity as
“either it is the case for all even numbers that it is the sum of two
primes, or there exists an even number which is not”. The reason is
that the phrase that something “is the case for all natural numbers”
is meaningless. Not because of the infinity involved in this phrase,
but because there is no such a realm of “natural numbers” where the
state of affairs may or may not correspond with such a statement.
Not only is the ontological picture so obtained uniform but we
have a uniform semantics for all discourse: mathematical and non-
mathematical—just as the different sorsts of mathematical realism
aim for. In order to achieve this semantical uniformity under the um-
brella of the Tarskian theory, we only had to take a small step. We
had to recognize that mathematical statements, it expressed in ev-
eryday language, have the form of ‘X implies X instead of ‘X . Our
epistemological /methodological investigations concluded that only
the ‘X implies X '-sentences are scientifically justified statements in
mathematics. X is not a statement. It is merely a formula of a
formal system and it should not be regarded as a linguistic object
at all—in the ordinary sense of language. Consequently it has no
meaning, it does not refer to anything, it is not a carrier of Tarskian
truth. Just like we do not assign meaning and truth or falsity to a
dishwasher or a brick, since they are not linguistic objects. One has
to recognize that ‘X ’-sentences merely belong to the sloppy jargon
of the mathematician and they are actually used as abbreviations
for the corresponding ‘> implies X '-sentences. If not, then they are
negligible verbal decorations. *> implies X -sentences do have mean-



ings and carry Tarskian truths about real physical entities of clear
ontology.

Let me make this still clearer. Assume that X is a collection
of formulas Y7,Y5,...Y,,. Not only is X merely a formula of the
formal system without meaning and Tarskian truth but the same
holds for the formulas Y7, Y5, ...Y,,—even if they are axioms. Since
Y1. Y5, ... Y, are not linguistic objects either.

The X implies X '-sentences are the statements of mathematics
that can be indispensable to physical theories—since they are no
other statements. Let us accept, for the sake of the argument,'? the
Quine-Putnam indispensability argument:

(1) We ought to have ontological commitment
to all and only the entities that are indis-
pensable to our best scientific theories.

(2) Mathematical entities are indispensable to
our best scientific theories.

(3) We ought to have ontological commitment
to mathematical entities.

This means, we ought to have ontological commitment to the entities
that mathematical statements are talking about. These statements
are talking about formal systems, strings of signs, and about deriva-
tion processes relating certain strings () with some other string of
signs (X)), and so on. All these entities do exist, and to top it all
they exist in the physical world.

This picture is entirely compatible with the other fact that (an
originally non-linguistic) objects like X can also be indispensable for

2There have been many objections to both premises of the argument. See Field 1980, Maddy
1992; 1997, and Sober 1993. See also my objections in points ?77-77.



a physical theory (L,.S). They can be indispensable as formulas in
the formal system L. and they may carry physical Truthsy according
to the semantics S. For example, it X =Vqdzq = 2z - e is a formula
expressing the (empirically confirmed) physical statement (according
to S) that all electric charge is a multiple of the elementary charge,
then—by virtue of the indispensability argument—we ought to have
ontological commitment to the strings like X and the derivation
processes in L, the electric charge, the elementary charge, and we
may also have commitment to the reality of the property of electric
charges expressed by the formula in question. Again, all these entities
are accommodated in the physical world.

Since X is not a linguistic object in the ordinary sense of lan-
guage, the quantifiers eventually used in X should not be “inter-
preted” in the ususal way. For example, the arithmetical formula
dnn > 17 should not interpreted as an ontological statement of
the existence an entity which is natural number and larger than 17.
Actually it shouldn’t be interpreted at all, beacuse it has no mean-
ing, since it is just a formula, a string of physical singns in a formal
systemn.

Abstraction 1s a move from the concrete to
the concrete

Many philosophers of mathematics, while admitting that formal sys-
tems are “represented” in the form of physical signs and mechanical
rules, still assume that there is something behind this physical rep-
resentation, an “abstract structure” that is “represented”. Sometimes
we find the same ambivalent views in the formalist school. Curry
writes:

. although a formal system may be represented in vari-
ous ways, yet the theorems derived according to the spec-



ifications of the primitive frame remain true without re-
card to changes in representation. There is, therefore, a
sense in which the primitive frame defines a formal sys-
tem as a unique object of thought. This does not mean
that there is a hypostatized entity called a formal system
which exists independently of any representation. On the
contrary, in order to think of a formal system at all we
must think of it as represented somehow. But when we
think of it as formal system we abstract from all proper-
ties peculiar to the representation.'?

What does such an “abstraction” actually mean? Let us first con-
sider what we obtain if we abstract from some unimportant, peculiar
properties of a physical system Z. In accordance with what we said
about the physical theories, we obtain a theory P = L+ 5 about Z,
that is, a formal system L with a semantics S relating the marks of
the formal system to the (important) empirical facts of the physical
system Z—where L is a formal system in the mind, or in a computer,
etc. Now, the same holds if the physical system is a formal system (a
“representation of a formal system”, in Curry’s terminology) Z = L.
Through the abstraction we obtain a theory Lo+ .S describing some
important properties of the system L. That is, instead of an “ab-
stract structure” we obtain another formal system Lo “represented
somehow”—in Curry’s expression.

Thus, formal systems are always “flesh and blood” physical sys-
tems. These concrete physical systems should not be regarded as
physical representations of some abstract formal systems. There are
no such abstract things over and above the physically existing formal
systems.

By the same token, one cannot obtain an “abstract structure” as
an “equivalence class of isomorphic formal systems” or something like

77

that, since in order to think of such things as “isomorphism”, “equiv-

BCurry 1951, p. 30.
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alence”, “equivalence class” at all we must think of them as living in
a formal system ‘represented somehow”. For it is a categorical
mistake to talk about “isomorphism” between two physical
objects. To compare two formal systems L; and Lo we have to use
a meta-mathematical theory capable of describing both L; and L.
That is to say we have to have a physical theory (M, S) where M is
a third formal system and the semantics S points partly to Ly, which
is a part of the physical world, and partly to Lo, which is another
part of the physical world.
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systems Lq, Lo, ... L, are simultaneously represented in the physical
theory (M, S). Only in M it is meaningful to say that the theoretical
models of Ly, Lo, ... L, are isomorphic and constitute an equivalence
class. Only in M we can define the prototype of these structures,
which can be regarded as an “abstract mathematical structure”. And,
more importantly, all these mathematical objects live in the formal
system M, in a “flesh and blood” formal system existing in the phys-
ical world.

This is neither a nominalistic view nor an attack on scientific re-
alism. When a satisfactorily confirmed physical theory claims that
a physical object has a certain property adequately described by
means of a formal system, then this reflects—with or without the
“foot-stamp” of the true realist—a real feature of physical reality.
When many different physical objects display a similar property that
is describable by means of the same formal system, then we may gen-
eralize and claim that these physical objects all possess the feature in
question. This will be a true general feature of the group of objects
in question, described by means of a formal system as a real physical
systemn.

But, this realist commitment does not entitle us to claim that
“abstract structures” exist over and above the real formal systems
of physical existence. Again, the reason is that if we tried to con-
sider such an “abstract structure” as a feature of the formal system
itself, or as a general feature of many similar formal systems, then we
would obtain another, “flesh and blood”, formal system of physical
existence.

This observation, in conjunction with our previous observation
that the role of human faculties in the formal machinery establishing
the truth of a mathematical sentence is limited and unessential, is
not a surprise from a physicalist point of view. For even if mathemat-
ical objects are “all in someone’s mind”, they would be nothing but
physical processes going on in our brain and body. However, indepen-



dently of the general physicalist account of the mental, the simple
fact that abstraction is unable to go beyond the “physically
represented” formal systems is a very strong argument against
structuralism and concept Platonism.

In brief: if, according to Frege’s account,'* the abstract things are
items in the “third realm”, which are non-mental and non-sensible,
then mathematics has nothing to do with “abstract” things. This
conclusion is in contradiction with the generally accepted view ac-
cording to which mathematical objects constitute paradigm cases of
abstract entities. The confusion is caused by the misunderstanding
of the following facts:

(a) Mathematical truths are independent from the state of af-
fairs in that part of the mathematician’s external world,
which is also external to the formal system in question.
(Let us call this part of the world realm A.) That is,
mathematical truths are independent of the realm tradi-
tionally described by physical theories. Therefore mathe-
matical truths seem to be spaceless and timeless.

(b) Mathematical truths are independent of that part of the
mathematician’s internal world, which is external to the
formal system in question. (Let us call this part of the
world realm B.) Mathematical truths are intersubjective.

(c) Within the framework of a physical theory, a mathematical
truth may correspond to a fact of realm A. This correspon-
dence is depending on the concrete physical theory and its
faithfulness is an empirical question. Similarly, a mathe-
matical truth can correspond to an idea in realm B. This
idea, however, is subjective and may vary from person to
person. As it follows from (a) and (b), mathematical truths
are over and above the realms A and B.

UFrege 1968.



Now, observation (c) is widely misinterpreted as saying that mathe-
matical truths are truths about “abstract entities” existing over and
above the “concrete representations” in both the internal and the ex-
ternal worlds. However, this claim obviously overlooks the fact that
realm A is not identical with the external world and realm B is not
identical with the internal world. What is missing from A and B
is just what mathematical truths refer to, the formal systems them-
selves constituting a particular part of the real world, either in its
external or in its internal parts—it does not make essential difference
in our physicalist framework. And, as we have seen, abstraction does
not lead outside this realm of concrete physical entities.

To sum up, a formal system is a physical system, the marks of
the formal system are embodied in different phenomena related to
the system and the derivation rules are embodied in those regulari-
ties that govern the system’s behavior. A mathematical derivation,
making a mathematical proposition true, is nothing but a physical
process going on in the formal system, and a theorem is the out-
put of the process. To prove a theorem is nothing but to observe a
derivation process in a formal system—that is, to observe a physical
process in a physical system. That is alll In this physicalist onto-
logical picture there are no “mathematical structures”, as abstract
thoughts, which are “represented” in the various formal systems.

Thus, physicalism—including the physicalist account of the
mental-—completes the formalist foundation of mathematics and re-
moves the last residues of Platonism. The physicalist ontology of
mathematical truth makes it completely pointless in mathematics
to introduce a concept of truth different from that of being proved.
Mathematical proposition, as a formula in a formal system, does not
carry meaning and semantic truth. At the same time, however, it
corresponds to a physical fact. By this correspondence, a true; math-
ematical proposition reflects a truth in the usual sense of Tarski’s
semantical theory of truth, just like a true, sentence in a physical



theory. Namely, it reflects a fact, a physical fact of the formal system
itself. In this way, indeed, “mathematical truth is a part of objective
reality”.

This is the way [ propose to “naturalize mathematics”. In this
way, mathematical knowledge is not conventional—except the
choice of the topic itself, there is nothing conventional in the state-
ment > implies X'. It is not trivial—sometimes it is highly non-
trivial whether > implies X. It is not perfect, not a prior:, and
not certain. Just like non-mathematical sciences, mathemartics
delivers to us knowledge of contingent facts about a par-
ticular part of the physical world. Formal systems constitute
this particular part of the physical world. This is what we can call
“mathematical reality”, and mathematicians rightly think themselves
as scientists, exploring the intricacies of mathematical reality

Since there are no “abstract formal systems” over and above the
physically existing systems of signs and derivation processes, in or-
der to simplify our further considerations, we make the following
stipulation without the loss of generality:

Stipulation 1 A formal system is a machine (like a computer)
which has the following behavior: when it 1s started it prints out
the list of arioms and derivation rules of the system in question and
then it prints out a sequence of formulas constituting a proof of a
theorem and stops.

In order to remind the reader of this stipulation I shall sometimes call
a formal system a formal machine. I do not want to specify what
will happen if we start the machine again. In general it produces
another sequence of theorems and stops.

An important consequence of this stipulation is that a statement
is a “mathematical statement” only if it is a string printed out by
the correponding formal machine. In other words, it is not a math-



ematical statement if its proof involves faculties beyond the formal
machine itself.



Induction versus deduction

The physicalist-formalist approach has interesting and important
consequences in the philosophical analysis of Godel’s theorems and
other foundational questions of mathematics, as I shall discuss in the
next chapters. In the last part of this philosophical introduction we
confine our attention to an important epistemological consequence
of the physicalist ontology of formal systems.

It is a long tradition in the history of philosophy that—in Leib-
niz’s words:

There are ... two kinds of truths: those of reasoning
and those of fact. The truths of reasoning are necessary
and their opposite is impossible; the truths of fact are
contingent and their opposites are possible.?”

According to this tradition, one cannot justify a general statement
about the world by induction. Deduction, contrary to induction, pro-
vides secure confidence because it is based on pure reasoning, without
referring to empirical facts. According to the key idea of rationalism.,
cognition is an independent source of trustworthy knowledge. More-
over, it is the only secure source of knowledge, the rationalists say;,
because cognition is the only source of necessary truth, while expe-
rience cannot deliver to us necessary truths, 1. e., truths completely
demonstrated by reason.

Let us leave aside the epistemological valuation of knowledge we
obtain through inductive inference and consider in more detail the
problem of deduction. As Ayer pointed out, the empiricist encounters
the following difficulties: it must be either assumed that the truths
of formal logic and mathematics are not necessary truths, in which
case one must account for the universal conviction that they are; or
one must say that they have no factual content, and then it must

> Rescher 1991, p. 21.



be explained how a proposition which is empty of all factual content
can be true and useful and surprising.

According to the physical realist, mathematical and logical truths
are not certain and not necessary, since they are nothing but gener-
alizations of our fundamental experiences about the physical world,
and, as such, they are, admittedly, fallible.

Logical empiricists, on the contrary, did not reject the necessity
and certainty of mathematical and logical truths. According to their
solution, analytical truths do not refer to the facts of reality. For we
cannot obtain more information through deductive inference than
that already contained in the premises. In other words, according to
the logical empiricism, there are no synthetic a prior: statements.

Popper’s falsification principle also accepts the necessity and cer-
tainty of mathematical and logical truths. This is the basis of the
principal distinction between induction and deduction. Similarly,
this principal distinction between the “trustworthy deductive in-
ference” and the “always uncertain inductive generalization” is the
fundamental tenet upon which the widely accepted hypothetico-
deductive and Bayesian theories of science are built up, seemingly
eliminating the problem of induction.

Now, from the standpoint of our physicalist ontology of formal
systems, we have arrived at the conclusion that mathematical and
logical truths are not necessary and not certain, but they do
have factual content referring to the real world.

For “deduction” is a concept which is meaningful only in a given
formal system. On the other hand, as we have seen, a formal system
is nothing but a physical system, and derivation is a physical pro-
cess. The knowledge of a mathematical truth is the knowledge of a
property of the formal system in question—the knowledge of a fact
about the physical world. The formal system s that part of physical
reality to which mathematical and logical truths refer.

It must be emphasized that this reference to the physical world



is of a nature completely different from that assumed, for example,
by Mill in his physical realist philosophy of mathematics. In the ter-
minology we introduced with respect to physical theories, the formal
statements still do not have any reference to the real world in the
sense of the truth-conditions of Truthsy, since mathematics does not
provide us with a semantics directed from the formal system to the
outside world. When we are talking about the empirical character of
mathematical truths, we are still talking about Truth;, namely we
assert that even Truthy is of empirical nature, the factual content of
which is rooted in our experiences with respect to the formal system
itself. Mathematics is, in this sense, an empirical science.

The knowledge we obtain through a deductive inference is noth-
ing but an empirical knowledge we obtain through the observation
of the derivation process within the formal system in question. In
other words, deduction is a particular case of induction. Con-
sequently, the certainty of mathematics, that is the degree of certainty
with which one can know the result of a deductive inference, 1s the
same as the degree of certainty of our knowledge about the outcomes
of any other physical processes.

For example, the reason why the truth of the height theorem is
uncertain is not that our knowledge about the properties of “real tri-
angles” is uncertain, as Mill takes it,'® but rather that our knowledge
about the deductive (physical) process, the outcome of which is the
height theorem, is uncertain, no matter how many times we repeat
the observation of this process.

In order to explain the universal conviction that mathematical
truths are necessary and certain, notice that there are many elements
of our knowledge about the world which seem to be necessary and
certain, albeit they have been obtained from inductive generalization.
If we need a shorter stick, we break a long one. We are “sure” about

16The same kind of fallibility appears in Maddy’s theory of naturarised mathematical intuition
(Maddy 1990, p. 268).



the outcome of such an operation: the result is a shorter stick. This
regularity of the physical world is known to us from experiences.

The certainty of this knowledge is, however, no less than the
certainty of the inference from the Euclidean axioms to the height
theorem. Mathematical and logical truths are considered necessary
and certain for the following two reasons:

1. Usually formal systems are simple and stable physical systems.

2. The knowledge of mathematical truths does not require obser-
vations of the world external to mathematics.

To sum up, the physicalist approach resolves Ayer’s problem in the
following way:

e Mathematical and logical truths express objective facts of
a particular part of the physical world, namely, the facts of the
formal systems themselves. They are synthetic, a posteri-
ori, not necessary, and not certain, they are fallible,
but have contingent factual content, as any similar scientific
assertion.

e The fact that

a) the formal systems usually are simple physical systems
of stable behaviour and

b) that the knowledge of mathematical and logical truths
does not require observations of the world external
to the formal systems

explains why mathematical and logical truths appear to ev-
eryone to be necessary, certain and a prior:.

Empiricism is not challenged by the alleged necessary truths deliv-
ered by mathematical and logical reasoning. On the contrary, conse-
quent physicalism can resolve the long-standing debate surrounding



the truth-of-reasoning versus truth-of-facts dichotomy. Mathemat-
ical and logical truths are nothing but knowledge obtained
through inductive generalization from experiences with re-
spect to a particular physical system, the formal system
itself. Since mathematical and logical derivations are reasonings
par excellence, one must conclude that reasoning does not deliver
to us necessary truths. Reasoning is, if you like, a physical
experiment. Therefore, the certainty available in inductive
generalization is the best of all possible certainties!



Meta-mathematical theory

A meta-mathematical theory is a theory describing a formal system.
This fact in itselt provides compelling reason to follow Hilbert’s care-
ful distinction between mathematics (i.e., a system of meaningless
signs) and meta-mathematics (meaningful statements about mathe-
matics).!” That is to say, a meta-mathematical theory is a theory
describing a physical system. Consequently, meta-mathematical
theories are physical theories. All the truths that a meta-
mathematical theory can tell us about its object are of the type
Truths. And, since there is no a prior: physical truth, there is no a
priort meta-mathematical truth. This means that no feature of a for-
mal system can be “proved” mathematically. (Not to mention that,
according to the physicalist account of mathematical truth, there is
no a priori mathematical truth either.) Genuine information about
a formal system must be acquired by a posterior: means, that is, by
observation of the formal system and, as in physics in general, by
inductive generalization.

S0, a properly construed meta-mathematical theory has the same
structure as physical theories in general. Let L denote the object
formal system described by the meta-theory in question. The meta-
mathematical theory consists of two components, a formal system
M and a semantics S. Now, in order to make any prediction using
the meta-mathematical theory (M, S) about the properties of the
formal system L, first one has to confirm that (M, S) is a faithful
theory of L. And, as in the case of any other physical theory, there
is no way to confirm this faithfulness other than to confirm
it empirically.

7See Nagel and Newman 1958, p. 28.



An important consequence of this fact is that one cannot “mathe-
matically prove” a property of a formal system such as, for example,
its consistency. Just as one cannot “mathematically prove” the con-
servation of energy in a certain physical processes. Let me illustrate
this with a well known and simple example of the so called “absolute

proof of the consistency of sentence calculus”.'®

Alphabet of symbols: )

N? D) (7 )7p7 Q7 T? etc

Well-formed formulas:

1. p,q,r etc. are wis.
2. If A, B are wfs. then (~ A), (A D B), are wfs.

3. All wfs. are generated by 1. and 2.

> L
Axiom schemes:
(L1) AD(BDA)
(L2) (AD(BDC)D(ADB)D(AD()))
(L3) (((~A) D (~B)>(B>A))
Modus Ponens:
(MP) A and (A D B) implies B )

The system L is called consistent if there is no formula X such
-, X and Fp~ X. The standard “absolute proot” of the consistency
of L goes as follows:

18See Nagel and Newman 1958, pp. 4556, or any mathematical logic text-book, for example,
Hamilton 1988, Chapter 2.






Definition: A coloring of L is a function v whose domain is the set
of wfs. of L and whose range is the set {red,blue} such that, for any
wfs. A, B of L,

(1) v(A) # v(~ A)

(i1) v(A D B) = blue if and only if v(A) = red and v(B) =
blue

Definition: A wfs. A is stably red if for every coloring v, v(A) = red.

Proposition 1:  For every formula A, if A is a theorem of L then A
is stably red.

Proof: Let A be a theorem. The proof is by induction on the number
n of wis. of L in a sequence of wfs. which constitutes a proof of A in L.

n=1 A is an axiom. One can easily verify that every axiom of L
is stably red.

n>1 Induction hypothesis: all theorems of L which have proofs
in fewer than n steps are stably red.
Assume that the proof of A contains n wfs. Now, either A
is an axiom, in which case it is stably red, or A follows by

(MP) from previous wfs. in the proof. These two wfs. must
have the form B and (B D A). But, since B and (B D A)
are stably red, it follows from (ii) that A is stably red.

Proposition 2: L is consistent.

Proof: As is known, one can easily proof that if both X and ~ X
are theorems in L then arbitrary formula is a theorem. Consequently,
if there exists at least one formula in L which is not a theorem, then L
is consistent. By virtue of Proposition 1 one has to show that there is
a formula Y in L which is not stably red, that is, there is a coloring v
such that v(Y) = blue. Let Y be ~ p D ¢. Taking into account (i) and
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Now, a properly formulated meta-mathematical theory of L, will
be a formal system with a semantics, (M, S), where semantics S
points to the empirical facts of the object formal system L. Like
in other physical theories, the formal system M is generated from
logical, mathematical and physical axioms. Assume that the meta-
theory (M, S) is strong enough to accommodate something like the
“absolute proof of consistency” of L. In the proof we talk about
“functions over the formulas of L”. ‘Function’ is a mathematical
concept which is meaningful only in set theory. Also, we “prove by
induction”, which requires either set theory or arithmetic. Therefore,
we assume that the formal system M contains set theory (say ZF),
and, consequently, M also contains the first order predicate calculus
with equality.

One may think that there are some vicious circularities here, but
this is not so. The object system L must be regarded as an entirely
autonomous formal system, not as a particular part of the predicate
calculus contained in M. What concerns me is an entirely different
problem.

The object formal system L stands as a physical system which
has to be described by a physical theory (M, .S). The elements of the
alphabet, the complex strings, the derivation processes, etc., must be
somehow represented in M. Then we introduce theoretical concepts
like “stably red”, which expresses a structural property of formulas
of L. “To be a theorem of L” is another concept we define in M
expressing another possible property of a formula of L. Then, we
prove a theorem in M saying that if a formula of L is a theorem of
L then it is stably red. What is important is that this claim is just
a theoretical description of the system L, which may be correct or
incorrect. There is no way to decide whether it is correct or not other
than testing it empirically. Whether a formula is stably red or not

9T postpone the question whether we need to be sure about the consistency of the formal
system M in order to use it in a physical (meta-mathematical) theory.



is an empirical question. We must observe the formula in question
and analyze its structure. Whether a formula is a theorem or not is
another empirical question. Consequently, whether such a statement
of the theory (M, S) as ‘Every theorem of L is a stably red formula.’
is correct or not is an empirical question—in spite of the fact that
a corresponding statement can be derived in M. (Truthy does not
follow from Truth;!) We observe that whenever a formula of L is
a theorem of L, it is stably red. From these observations, through
inductive generalization, we arrive at the conclusion that this law is
empirically confirmed. And similar observations confirm the whole
theory (M, S) describing L.

To avoid any misunderstandings, I do not question the statement
that sentence calculus is consistent. I believe in it as I believe in the
conservation of energy. That is to say, what I claim is that the epis-
temological status of this statement is the epistemological status of
a physical law, which is not the same as the epistemological status of
a mathematical theorem. To be sure, both a mathematical theorem
and a physical law are confirmed by physical observation. But, the
mathematical theorem we derive in M is confirmed by the physical
observation of a sequence of formulas in the formal system M, con-
stituting a proof of the theorem of M, while the meta-mathematical
statement about L is confirmed by observations of physical facts of
the object formal system L.



Ember tervez, Isten végez!

1. Lehet-e tudni, hogy a Merkur hol lesz két év milva?
Nem. Alkalmazhatjuk a fizika torvényeit és kiszamithatjuk,
hol lesz. Az eredmény azonban csak egy hipotézis, amelyet a
korabbi tapasztalat alapjan, induktiv altalanositassal nyertink.

2. Tudhatom-e elore azt, hogy eqy dltalam tervezett berendezés a
jovdben hogyan viselkedik?
Nem. Tervezni annyit tesz, mint a vilag egy porcikajat az A
helyzetbe hozni és — a korabbi tapasztalat alapjan induktiv
altalanositassal nyert hipotézisnek megtelelGen — remélni, hogy
B torténik.

3. Lehet-e azt eldre tudni, hogy eqy dltalunk tervezett komputer
eqy dltalunk irt programmal elinditva, mat fog kinyomtatni?
Nem. Az altalunk tervezett komputerbdl és az altalunk irt
programot tartalmazé adathordozobol allo rendszer nem mas
mint a vilag egy porcikaja valamely A allapotba hozva, s csak
remélhetjiik, hogy a korabbi tapasztalatra épitett hipotézisnek
megfelel6 B dolog fog torténni.

4. Lehet-e azt eldre tudni, hogy eqy dltalunk kitaldlt (megalkotott)
formdlis rendszernek milyen tulajdonsdgai vannak?
Nem. A formalis rendszer mindig egy fizikai rendszer forma-
jaban testesiil meg. A rd vonatkozo joslataink episztemolo-
gial statusza semmiben nem kiilonbozik mas fizikai rendszerek
viselkedésére vonatkozo joslataink episztemologial statuszatol.
Ha van egy .elméletiink”, mely szerint a szoban forgd forma-
lis rendszernek ilyen és ilyen tulajdonsagot kell mutatnia, nem
tudhatjuk a prior:, hogy az elméletiink helyes. Elméletiink kon-
firmalasanak egyetlen lehetséges modja — csakigy, mint minden
mas fizikai rendszer leirdsara szolgalod elmélet esetében — hogy



megfigyelyiik, a rendszer viselkedése valoban olyan-e, mint aho-
oyan azt az elméletiink megjosolja.



Turing-gépek

A Turing-gép fogalma és elmélete a mechanikus kiszamithatosag kon-
cepcidjat kivanja megragadni a matematikaban.

A Turing-gép leirasa

A gépnek van egy szalagja, amely kis négyzetekre van osztva.

Egy olvaso fej egyszerre egyetlen négyzet tartalmat tudja beolvasni,
vagy atirni. Tovabba tud a szalagon egy kockaval elére vagy hatra
lépni. A gép egy meghatarozott abécét hasznal: Sy, S1,...S,, ahol
Sp megallapodas szerint az tires kockanak felel meg. Feltételezziik,
hogy a gépnek véges sok belsd allapota lehetséges: qo, g1, ... gmn. To-
vabba, hogy a gép egy adott pillanatban a pillanatnyi belsé allapota
és az éppen beolvasott négyzet tartalma altal egyértelmien determi-
ndalt modon teszi meg a kovetkezs lépeést. Ez a lépés a kovetkezdk
egyike lehet:

(i) megvéltoztatja a beolvasott kockdban beirt szimbolumot
(i1) egy kockaval jobbra lép
(iii) egy kockéaval balra lép

Mint ebbdl kidertil, a gép miikodése egyértelmiien megadhatd a ko-
vetkezo fajta négyesekbdl allo véges tablazat segitségével:

Allapot | Beolvasott | Akcio | Uj allapot
(i) qi S S Qi atiras
(ii) qi S; R q lépés jobbra
(i) | @ S L q lépés balra




A gép miikodésének determinisztikus jellege abban nyilvanul meg,
hogy nincs két négyes, amelyik ugyanazzal a (allapot, jel) parral kez-
dédne. Ha a gép egy olyan (&llapot, jel) parhoz érkezik, amelyhez
nem tartozik négyes, akkor megall.

Azt a szituaciot, melyben a g, allapotu gép egy adott jellel ellatott
kockajat olvassa be a szalagnak

Qi
1818 S, S|, S

a kovetkezdképpen fogjuk jelolni:
. SiosilqkSwSigSMS% ce

Nevezziik az ilyen stringet szitudcio stringnek. Példaul, tegyiik fel, a
gép a kovetkezG instrukciokat kapja:

SRR

@151 L qo
q252 L qo

A szalag nem tires része mondjuk a kovetkezd:
5159595185y ...51

és a qp allapott gép éppen a méasodik Si-et fogja beolvasni. Vagyis

Sngqu15152 Sl

Ekkor a ¢1 S7 L ¢» négyesnek megtelel6 miiveletet hajtja végre, és a
kovetkezd szituacio fog eldallni:

5132(]2525152 Sl
Ekkor a g9 So L @9 instrukeid szerint azt kapjuk, hogy
SlQQSQSQSlSQ Sl

majd
QQ31S2323132 Sl

és mivel egyetlen instrukcio sem kezdédik gy Si-gyel, a gép megall.



Példak elemi miveleteket végrehajté Turing-
gépekre

Egy S; jel keresése

Allapot Beolvasott Akcio Uj allapot

o S0 R 90
Qo S R Qo
qo Si—1 R 4o
q0 S j S j d1
qo Sit1 R qo
qo Sn R qo

A gép megall amikor S;-t talal.
Mozogjon jobbra és mindenre tegyen vessz6t

o S R q

w S S g } az abc minden S, S jelére
0 0

Ha azt akarjuk, hogy a gép megélljon egy adott jelnél, példaul
[1-nal, akkor a tablazatbol eltavolitjuk azokat a sorokat, amelyek
masodik eleme [1.

Nyilvanvaloan semmi akadalya annak, hogy tobb elemi mitivele-
tet végrehajtani képes Turing-gépet egy komplexebb Turing-géppé
rakjunk oOssze. Hogy a gépeket egymastol megkiilonboztessiik, az
allapotaikat kell megfelel6en atnevezni. Pl. a fenti két gépbdl, ké-
szitsiink olyan Turing-gépet, amelyik jobbra mozogva megkeres az
elsé S;-t, majd onnantol fogva mindenre tesz egy vessz6t! A méso-
dik gép allapotait atnevezziik, méghozza éppen tgy, hogy legyen a
masodik gép qy allapota az els6 gép ¢; allapota. Tehat az Osszetett
gép tablazata



@0 So R qo
@0 S1 R q
qo Sj—l R qo
qo Sj Sj d1
q Sj+1 R qo
qo Sn R qo
q1 S} R q
q S S} 41

HF. Minden jelet tegyen egy kockaval jobbra. |Triikkk: a gép tgy
tud emlékezni egy informaciora, hogy egy az informéacionak megfelels
allapotban van. (Vagyis a Turing-gép egy Markov-folymat!)]|

HF. A gép a szalagon egy egyesekbdl allo blokkot lemésol a szalag
tires helyére.

Eldonthet6 problémaosztaly

Tegyiik fel, hogy valamely kérdéseknek/probléméknak egy osztalya
megfogalmazhato egy véges abce segitségével gy, hogy felvihets egy
Turing-gép szalagjara. (A szokasos meghatarozas szerint) ) tipusu
problémaknak egy osztélya kiszamithato (eldinthetd, megoldhatd),
ha létezik olyan M Turing-gép, amely — alkalmazva az osztalyba
tartozo tetszéleges () kérdésre — az 1l-en all meg, ha a (Q-ra adott
valasz IGEN és [-n, ha a valasz NEM.

PL. Legyen () az a kérdés, hogy adott harom természetes szam
esetén, (a, b, c), igaz-e, hogy ¢ az a és b legnagyobb kozos osztoja?
Ennek eldontésére, ismert egyszert algoritmus alapjan, konnyen
konstrualhato olyan Turing-gép, amely ezt a fenti értelemben eldonti.



A Turing-gépek standard leirasa

Mivel a Turing-gépek véges szamu szimbolumot hasznalnak. az
altalanossag csorbitasa nélkil feltehetjiik, hogy ezek a jelek a
[1,1,1,1”7,.... Az allapotokat is jelolhetjik a ¢,q’,q¢”, ... jelekkel.
A gép mikodését megadhatjuk tehat a 0,1, ¢, R, L jelekbsl 4llo
stringek segitségével, pl. a

@ 1 B¢
g 1" 1 ¢

utasitasokbol allo tablazat megadhato egyértelmten a kovetkezd
stringgel:

quq/qll//llq//
S6t, mindent kifejezhetiink a [, 1,1, 17, ... abc-vel:

[« [
I <1

/ PN 1/

g o 1"
R < 1"
L JEIN 1////

Az M Turing-gép miikodését meghatarozo tablazatot tehat egyet-
len [0,1,1°,17, 1", 1" -stringgel megadhatjuk. Ezt a jelsorozatot
| M ]-mel fogjuk jelolni, és a Turing-gép standard leirdsdnak nevez-
zuk.

Egy eldonthetetlen problémaosztaly (,Halting
problem”)

Tekintsiik a kovetkezs kérdést:

e Megall-e az M Turing-gép egy [ jelen, ha az [ M jelso-
rozatra alkalmazzuk?



A Qp kérdés egyértelmiien megadottnak tekinthets az [M] meg-
adasaval. Jelolje {Qar},, az ilyen kérdések osztalyat, ahol M tet-
szOleges Turing-gépet jelol. Arra keresiink valaszt, vajon létezhet-e
olyan algoritmikus eljaras, magyarul olyan Turing-gép, amely képes
megvalaszolni minden a {Qas},, osztalyba tartozo kérdeést.
Képzeljiink el egy S gépet, amelyik teljesiti ezt a feladatot, tehat
beolvassa az | M| stringet és 1-en all meg, ha a valasz a Q) kérdésre
IGEN, és [J-n, ha a valasz NEM. A probléma, hogy hogyan viselke-
dik ez a gép — melynek tetsz6leges | M |-re miikédnie kellene —, ha
az inputja éppen [S|? Ha S megall az 1-en, az azt jelenti, hogy a
Qs kérdésre a valasz IGEN, azaz az S a [-n all meg ha [S]-ra alkal-
mazzuk. Es forditva, ha S a O-n all meg, az azt jelenti, hogy a Qg
kérdésre a valasz NEM, tehat az S gép nem all meg a [l-n. Mind-
két esetet egytajta ellentmondasnak szokés tekinteni, és a szokasos
konkluzié az, hogy ilyen S gép nem létezik. Mas szoval, hogy a Qs
problémaosztaly algoritmikusan nem meqgoldhato, eldonthetetlen.

NB. Konnyen gondolhatjuk, hogy a probléma abbdl szarmazik,
hogy a gép az IGEN és NEM valaszokat az 1 és [ jeleken valo meg-
allassal kozli, és hogy mas lenne a helyzet, ha a gép a [-n allna meg,
ha a valasz IGEN és 1-en, ha NEM. Ez azonban nem igaz. Ha léte-
zik ilyen T" gép, akkor konnyen konstrualhato egy méasik gép, amely
a T IGEN jelzését 1-be, a NEM jelzését [I-ba konvertalja, s a két
gép kombinacidja megint egy olyan Turing-gép lenne, ami eleget tesz
az eredeti feltételeinknek, s a fenti argumentum alkalmazhato, tehat
nem létezhet ilyen gép, kovetkezésképpen nem létezhet 1" sem.

NB. Konnyen belathaté az is, hogy a helyzeten semmit sem val-
toztat, ha a @)y kérdést masképpen kodoljuk, hiszen mindig talalni
olyan Turing-gépet, amelyik a M egy tetszéleges masik kodolasat az
| M| stringbe konvertalja, és viszont.



Univerzalis Turing-gép

Azt gondolhatnank, hogy a probléma abbdl fakad, hogy nem lehetsé-
ges olyan gépet konstrualni, amely képes atfogni az 6sszes lehetséges
Turing-gép miikodését. Belathaté azonban, hogy ilyen gép létezik.
Univerzilis Turing-gépnek nevezziink egy olyan U gépet, amely ké-
pes arra, hogy beolvassa egy tetsz6leges gép [ M| standard leirasat,
és beolvasva egy tetszéleges | P| kodjat a szalagnak szimulalja M
muikodését a P szalag-tartalom mellett. (Annak leirasat, hogy egy
ilyen univerzalis Turing-gép hogyan miikodik, lasd Crossley 40-41
oldal.)

A ,Halting” probléma univerzalis Turing-gépre

Vizsgaljuk tehat azt a szituaciot, amikor az U univerzalis Turing-
oép az M gépet fogja szimuldlni, amikor az az [ M| stringre van
alkalmazva. Mas szoval, U szamara adott a

Wy=x[M]|*xx[[M]]*

string, mint input. (A % csak segéd jel, amely jelzi a gép szamaéra,
hogy mettsl meddig terjed egy egybetiiged része a beolvasott string-
nek.) Tekintsiik a kovetkezs kérdést:

Qw : Megall-e az U univerzalis Turing-gép egy [ jelen, ha a
W jelsorozatra alkalmazzuk?

Legyen {Qw}, az ilyen kérdések osztélya. Létezik-e Turing-gép,
amelyik képes megvélaszolni a {Qy }y;, osztalyba tartozo osszes kér-
dést? Valaszunk az, hogy nem.

25. Tétel. A {Qw }y problémaosztdly nem eldonthetd.



Bizonyitds. {Qyw }y, nyilvan tartalmazza az olyan Qu kérdéseket
is, ahol W = W), Mivel ilyenkor U szimuldlja M mitikodését, U
akkor és csak akkor all meg [(J-n ha M [-n all meg, ha M-et | M |-
re alkalmazzuk. Mas szoval, a {Qyw }y, problémaosztaly csak akkor
lehetne eldénthetd, ha a {Qar},, problémaosztaly eldonthetd lenne.

Halting-probléma, episztemologia, endofizika

1. Elkeriilend? a félreértéseket, amelyekkel a populéris irodalomban
gyakran talalkozunk, ne gondoljunk tobbet a fenti eldonthetetlenségi
tételek mogé, mint amit valdjaban bizonyitottunk! A tételek nem
azt dallityak, hogy az adott problémaosztalyba tartozo problémdk nem
donthetdok el algoritmikusan! A tételek azt allitjak, hogy nem Ilétezik
eqyetlen algoritmus (Turing-gép), amely az osztalyba tartozo dsszes
kérdést meg tudja valaszolni.

2. A Halting” probléma targyalasanal felbukkan az ,onreferencia”
motivuma. Vilagosan kell latni azonban, hogy ennek nincs kiilo-
nosebb jelentésége, és semmi koze nincs a ,megismerheté-e a vilag,
amelynek mi is részei vagyunk” jellegli endofizikai problémahoz és
mas episztemologiai kérdéshez. Egyaltalan, a szoban forgd mate-
matikal tételek mogott semmiféle metafizikai mélység nincs. Vila-
gos ugyanis, hogy csak akkor vonhatunk le a Turing-gépekrél mon-
dottakbol barmiféle metafizikai/episztemologiai kovetkeztetést, ha a
Turing-gépre mint valésdgos fizikai objektumra gondolunk. Méarpe-
dig kérdeéses, hogy mi torténik egy valosagos fizikai komputerrel olyen
esetben, amikor a * [ M | % [ [ M || * stringet olvassa be, vagyis olyan
utasitasok Osszességét, melynek alapjan egyszerre kellene neki igent
¢s nemet mondania, amit nyilvan nem tud. Ugyantgy, mint ahogy
kérdéses mi torténik egy autoval, ha egyszerre nyomjuk a féket és a
gazt.



3. Mit is jelent az, ha egy Turing-gép ,képes’ megvalaszolni egy
kérdést. Mikor értelmes azt mondani, hogy a Turing-gépbe bevitt
input egy adott kérdésnek a ,reprezentacioja’™ Nyilvanvalo, hogy a
reprezentacid nem meriilhet ki egy egyszerti megteleltetésben. Még
Ujév hajnalan is képesek vagyunk kolesonosen egyértelmd megfelel-
tetést definialni a kiontott olom formaja és a valosagos vilagban a
dolgok ilyen vagy olyan allasa kozott, mégsem gondolhatjuk komo-
Ilyvan, hogy az 6lomontés kimenetele ,megvalaszolja” azt a kérdést,
hogy a nagylany férjhez megy-e az 1j évben vagy sem! Tehat ahhoz,
hogy azt monthassuk, hogy a Turing-gép viselkedésének egy A tipusa
a valos vilaghan a dolgok allasanak valamely a tipusat reprezentélja,
az sziikséges, hogy objektive fennélljon, hogy a Turing-gép akkor és
csak akkor mutatja az A viselkedést, ha a fennall, de legalabbis erds
korrelacio alljon fenn A és a kozott. Méarpedig nem lehetséges egy
ilyen korrelaci6 tényét a prior: allitani.



(Godel inkomplettségi tétel

(Godel-szamozas

Egy formula Godel-szama. Az aritmetikdban hasznalt jelekhez
szamokat rendeliink:

-+ O
teseocTTEOTCLTTTY

w > J —8 -
—_
(N

13

A valtozok jelolésére hasznaljuk a |, |, x|, ... jeleket. Tekintsiik
az aritmetika egy formulajat, példaul

+(s(s(0)), s(s(0))) = s(s(s(s(0))))

Ehhez a kovetkezSképpen rendeliink szamot:

Y (s( s ... ) ) )

36262 ... 7 7 7
2 35711 ... 113 127 131
23305276112 .. 113712771317

Vilagos, hogy ezzel a modszerrel minden ¢ formuldhoz egyértel-
miien hozzarendeltiink egy szamot. Ezt a szamot a ¢ formula Godel-
szamdnak nevezzik, és [¢|-vel fogjuk jelolni. Természetesen, nem



minden természetes szam Godel-szama valamilyen formulanak. De
ha az, a primfelbontas egyértelmiisége miatt, egyértelmi, hogy mi-
lyen formula Godel-szamarol van szo.

Egy formula sorozat Godel-szama. Legyen ¢q, @9, ¢3, ... for-
mulak egy sorozata. A formulasorozathoz rendelt Godel-szam:
olerlzle2l5losl .. Vilagos, hogy a primfelbontas egyértelmiisége miatt
egy formulasorozat Godel-szama egyértelmiien meghatarozza, hogy
milyen formulak sorozatarol van szo.

Godel-mondat

Tekintsiik a kovetkez6 meta-elméleti (tehat az aritmetikarol szolo)
predikatumot:

PfM(x,y): az x Godel-szami formulasorozat az y Godel-szamu for-
mula bizonyitasa.

Most kicsit bonyolitsuk meg:

PfM(z,y,2): x azon formula bizonyitasdnak a Godel-szdma, me-
lyet az y Godel-szamu, egy szabad valtozot tartalmazo
formulabol kapunk, gy, hogy a valtozo helyére a z sza-
mot (individuum valtozot) helyettesitjiik.

A PfM(z,y, 2) allitdsra ugy tekinthetiink, mint szdmok kozotti re-
laciora, vagyis az allitas akkor és csak akkor igaz, ha a megfelel
relacio fennall. Ha mondunk harom szamot, x, vy, z, akkor egyszeri
aritmetikai algoritmusoknak a (természetesen bonyolult) sorozatéval
eldonthetd, hogy a Pf*(x,y, z) mondat igaz-e vagy hamis. Hiszen
szamok primfelbontasat, és mas hasonlé aritmetikai miiveleteket kell
ehhez elvégezni. (A megfelel relacio rekurzive megadhato.) Ennek
alapjan megmutathato, hogy létezik olyan P f(x,y, z) formulaja az



aritmetikanak, amelyre

{aritmetika} - Pf(x,y,2) ha PfM(z,y, 2) igaz
{aritmetika} = =P f(x,y,2) ha Pf(x,y,2) hamis

Tekintsitk most a =3z P f(x, y, y) formulat az aritmetikdban. Le-
ogyen ennek a formulanak a Godel-szama g. A kovetkezd mondatot
Godel-mondatnak szokas nevezni:

—JzPf(x,9,9)

és G-vel fogjuk jelolni.

26. Tétel. Sem GG, sem =G nem vezethetd le az aritmetikdban, tehdt

{aritmetika} ¥ G
{aritmetika} ¥ -G

Bizonyitds. Tegyilik fel, hogy G bizonyithato, vagyis hogy
{aritmetika} = =3xPf(x,g,g). Legyen a bizonyitasat alkotd for-
mulasorozat Godel-szama m. Tekintettel arra, hogy a g Godel-
szamui formula a =3z Pf(x,y,y), ez azt jelenti, hogy m a Godel-
szama azon formula bizonyitasanak, melyet gy kapunk, hogy a g
Godel-szamu formulaban a valtozo helyére g-t helyettesitiink. Azaz,
a PfM(m, g, g) mondat igaz, mas széval az m, g, g szdmokra fennall
a megfelel6 relacio, vagyis {aritmetika} = Pf(m,g, g), ami ellent-
mondas.

Most tegyiik fel, hogy =G bizonyithato, tehat {aritmetika} F
——3JdxPf(x,g,9), vagyis {aritmetika} + JzPf(x,g9,9). De az
az elsé részben éppen azt bizonyitottuk, hogy {aritmetika} ¥
-3z Pf(x, g, g), mas szoval, hogy nincs olyan formulasorozat, amely
bizonyitasa lenne =3z P f(x, g, g)-nek. Ez azonban azt jelenti, hogy 1
nem Godel-szama egy megfelel6 bizonyitasnak, vagyis PfY(1,g, g)



hamis, hasonléan, Pf(2, g, g) hamis, és igy tovabb. Kovetkezés-
képpen,

{aritmetika} = =P f(1,g,9)
{aritmetika} = =Pf(2,9,9)

ami ellentmondéas, ha feltessziik, hogy az aritmetika w-konzisztens,
ami azt jelenti, hogy nem létezik olyan egy szabad valtozot tartal-
mazo ¢(x) formula, amelyre egyszerre fennallna, hogy

{aritmetika} F Jxe(x)
{aritmetika} F —¢(1)
{aritmetika} F —¢(2)
{aritmetika} F —¢(3)

A tétel alapjan tehat azt mondhatjuk, hogy az aritmetika vagy
nem w-konzisztens, vagy létezik benne olyan mondat, amelyre az all,
hogy sem 6, sem a negaltja nem bizonyithato.

NB. Godel-féle eredeti bizonyitas kis modositasaval sikertilt gyen-
gébb feltétel mellett is bebizonyitani a tételt, nevezetesen, hogy ha
az aritmetika konzisztens, akkor létezik benne olyan mondat, hogy
sem ¢ sem a negaltja nem bizonyithato.



Bizonyitas és Igazsag

"Roviden, Gddel megmutatta, hogy a bizonyitds az igazsdgndl gyen-
gébb fogalom, figgetlendil a haszndlt axiomarendszertdl.” — irja
Hofstadter a Godel, Escher, Bach c¢. mivében. Vitatkoznunk kell
ezzel a széles korben elterjedt nézettel, noha a tétel jelentésének egy
ilyenfajta értelmezése nem all tavol Godel platonista nézeteivel. Te-
kintsiik at tjra a Godel-tétel bizonyitasanak sémajat:

Meta-matematikai Targy-elmélet
elmélet (aritmetika)
f
(M, S) > I
<
v
M — L

Godel-szamozas

Vagyis, adott egy meta-matematikai elmélete az L formalis rendszer-
nek. Ez azt jelenti, hogy adott egy masik formalis rendszer M és egy
szemantika S, ami M-et és L-et Osszekoti. Példaul olyan mondato-
kat tudunk mondani M-ben, mint ,a ¢ formula L-ben nem bizonyit-
hato”, amely az L egy tulajdonsidgat hivatott allitani. Jeloljik az
egyszertiség kedvéért ezt a mondatot nb(¢)-vel. Az ilyen és hasonlo
mondatoknak van egy Igazsagy értelemben vett igazsaga az (M, .S)-
ben. Vagyis egy M-beli formula akkor igaz)!, ha az S szemantika
értelmében 6 egy olyan allitas L-r6l, amely tényszertien fennall L-re.
Példaul, nb(¢) akkor igazi?, ha nem létezik ¢-nek bizonyitasa L-ben,
mas szoval, ha nem igaz, hogy ¢ igaz¥.

A tétel bizonyitasaban ezek utdn megjelenik egy masik le-
képezés is, a Godel-szamozas altal generalt 9 leképezés (Godel-
izomorfizmus). Gyakran tévesen azt allitjak, hogy ¢ ,megérzi az
igazsagot”, vagyis, hogy ha «a igaz)!, akkor ¥(«) igaz L-ben. Més
szoval, hogy Godel-zsenialis triikkkje éppen az volt, hogy az aritme-



tikarol szoldo meta-matematikai elméletet reprezentalta magaban az
aritmetikaban.

Errél azonban nincs sz6.  Vegyilik észre, hogy a bizonyitas-
ban nem is hasznaltuk ki, hogy ¢ egy igazsag-meg6rzé izomorfiz-
mus lenne. Csupan azt tettiik fel (lattuk be), hogy specidlisan a
PfM(z,y, z) tipusi meta-elméleti mondatokon az. Vagyis, hogy
ha PfM(z,y,z) Igazd!, akkor {aritmetika} = Pf(z,y,2), ahol
Pf(x,y,z) a (PfM(x,y,z)) formulat jeloli, és ha PfY(x,y, 2)
nem Igazs!, akkor {aritmetika} - =P f(x,y, 2).

Téves tehat minden olyan megfogalmazas, hogy a G Godel-
mondat, vagyis a =3z P f(x, g, g) aritmetikai mondat azzal a meta-
elméleti jelentéssel bir, hogy , G (vagyis sajat maga) nem bizonyit-
hato L-ben”. (Vagyis, hogy nb(G).) Ezt csak akkor mondhatnank,
ha valoban megadtunk volna egy olyan igazsdg-megdrzé leképezést
M-b6l L-be, amelyik kiterjed nb(G)-re is és amelyre igaz, hogy
Y (nb(G)) = G. Eppen a bizonyitott tétel teszi ezt lehetetlenné:
Ha ugyanis, nb(G) egy igaz meta-matematikai allités, akkor a neki
megfelels G = ¥ (nb(G)) formula Igazf, azaz bizonyithato. De a
tétel szerint nem bizonyithato, tehat a kondiciok valamelyike nem
lehet igaz.

Természetesen, ezzel egyiitt az is értelmetlen, hogy ,a G mondat
igaz, hiszen azt allitja, hogy 6 nem bizonyithatd, és — minthogy
bebizonyitottuk, hogy nem bizonyithato — igazat allit.”

NB. Gyakori felvetés, hogy a tételben levezetett allitas onmagaban
is paradox. Az tudniillik, hogy van olyan mondata az aritmetikanak,
amelyre az all, hogy sem 6 sem a negéltja nem bizonyithato. Nem
kétséges, hogy a matematikai platonista szamara ez az tény zavarba-
ejt6. Minthogy a matematika tanitasa erésen platonista szemléletet
alakit ki mar gyermekkorban, sokan gondoljdk tgy, hogy mivel a
Godel-mondat az aritmetika egy mondata, egy szamokrol tett kije-
lentés, sziikségképpen vagy igaz vagy hamis. Nem tehetiink mast,



mint hogy hangsilyozzuk: aritmetika az, amit itt axiomatikusan
megadtunk. Es az mondhato .igaznak” az aritmetikaban, amit az
adott rendszerben bizonyitani lehet.

(Godel masodik inkomplettségi tétele

Az aritmetika akkor és csak akkor konzisztens, ha {aritmetika} F
0 = 1. Ha ugyanis {aritmetika} = 0 = 1, akkor (A1)-bdl és (A2)-
b6l azonnal a negaltja is kovetkezik, tehat a rendszer inkonzisztens.
Masteldl, ha a rendszer inkonzisztens, akkor a 3. tételbdl kovetkezGen
barmilyen mondat levezethetd, igy az is, hogy 0 = 1. Az aritmetika
konzisztenciaja tehat ekvivalens azzal az allitassal, hogy nem vezet-
hetd le a 0 = 1 mondat. Legyen ennek a mondatnak a Godel-szama
k.

Tekintsiik most a kovetkezs, Consis-nek nevezett mondatot:
Vx—Pf(x, k). Bonyolult bizonyitassal levezetheté az aritmetika-
ban, hogy Consis — G ahol G a =3xPf(x, g, g) Godel-mondatot
jeloli. Ha tehat Consis levezethetd lenne az aritmetikaban, azaz
{aritmetika} F Consis, akkor a {aritmetika} + Consis — G-
bl (MP)-vel azonnal kivetkezne G, melyrdl viszont bebizonyitottuk,
hogy nem levezethets. Vagyis igaz a kovetkezé tétel:

27. Tétel (Godel II. inkompletségi tétel). A Consis mondat
nem vezethetd le az aritmetikdaban.

NB.

A tételt rendszerint gy interpretaljak, hogy az aritmetika konzisz-
tenciajat nem lehet magaban az aritmetikaban bizonyitani. Ez az in-
terpretacié azonban problematikus: Nem igaz, hogy a C'onsis mon-
dat, vagyis a Vo= P f(x, k) a ,Nem vezethets le a 0 = 1 formula az
aritmetikaban”, vagy a vele ekvivalens , Az aritmetika konzisztens”



meta-elméleti mondatot reprezentalja. Ugyanis semmilyen aritmeti-
kai mondat nem tudja ezt a meta-matematikal mondatot reprezen-
talni, igy tehat a Consis sem.

Tegyiik fel ugyanis, hogy azt a meta-elméleti allitast, hogy ,az L
rendszer konzisztens”, valoban képesek vagyunk reprezentalni az L
rendszer egy v mondataval. Ez azt kell hogy jelentse, hogy a szo-
ban forgd mondat akkor és csak akkor Igaz¥, vagyis akkor és csak
~7 1, ha a rendszer konzisztens. De ez nem lehetséges, hiszen ha
fel is tessziik, hogy a konzisztens rendszerben a 1 mondat valoban
levezethets, ez semmiben nem kiilonbozik attol a helyzettsl, ha a
rendszer inkonzisztens, hiszen a 3. tétel értelmében az inkonzisztens
rendszerben barmi levezethetd, igy az allitolagos konzisztenciat rep-
rezentalod ¢ mondat is. Vagyis nem lehet igaz, hogy v akkor és csak
akkor Igaz¥, ha L konzisztens, azaz 1) nem reprezentalhatja az ,az
L rendszer konzisztens” meta-matematikai mondatot.



