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What to do in mathematics after the paradoxes?

Logicism:
Rewrite mathematics (with unchanged content) within the
framework of an improved logic.

Formalism:
Leave the traditional branches of maths unchanged but make
consistency proofs for them within a strictly �nitary framework
(restricted logic and arithmetics).

Intuitionism:
Create a new mathematics based on intuitively clear notions
and more rigorous methods of reasoning.
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Why intuitionism?

Early intuitionist ideas: Poincaré, Borel, Kronecker, Julius König
Doubts about the existence of large sets.
Doubts about the law of excluded middle (LEM).
Controversy around the axiom of choice.

Further mathematical motivations:
� Objects whose existence can be proved only by contradiction
(e.g. non-Lebesgue measurable sets).
� �Funny� functions. Real analysis as an art of producing
counterexamples.

Realist notion of truth: truths are components of the world,
independently from us. We just discover them. Paradigmatic
example: Bolzano's �Wahrheit an sich� (truth-by-itself).

The anti-realist position: truth is not independent of our
knowledge. It is created by us (at least in some respect). Julius
König: A logic with LEM is God's logic because he is omniscient
� it is not our logic.
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A little history

Intuitionist program and philosophy formulated by L.E.J.
Brouwer (1881-1966); at �rst in his PhD thesis (1907) and in his
inaugural lecture (1912).

Mathematics is a product of the creative mind. Proof is a mental
construction and mathematical truth is only created through
such constructions. Consequently, mathematical propositions
that are neither proved nor disproved have no truth value.
Logic has no special role in the foundations of mathematics.

Intuitionistic logic (a logical system without LEM) formulated
by Arendt Heyting (1898-1980) from 1928 on.

Intuitionist analysis, summary: Errett Bishop (1928-1983),
Foundations of Constructive Analysis (1967).

Michael Dummett (1925-2011): Abandons Brouwerian
psychologism but keeps anti-realism. You understand the
meaning of a mathematical proposition if you are able to
recognize whether a construction is a proof of the proposition or
not.
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Mathematical existence according to the intuitionist

Intuitionism: Mathematical objects (including truths, proofs,
etc.) exist by construction. Objects that cannot be construct
but can only be �proved� to exist � mainly through proofs by
contradiction � should not be accepted as mathematical objects.
The source of the paradoxes is that mathematics left the realm
of the constructible.

Brouwer: mathematical objects are created in the mind, by the
two acts of intuition.
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The �rst act

�Completely separating mathematics from mathematical
language and hence from the phenomena of language described
by theoretical logic, recognizing that intuitionistic mathematics
is an essentially languageless activity of the mind having its
origin in the perception of a move of time. This perception of a
move of time may be described as the falling apart of a life
moment into two distinct things, one of which gives way to the
other, but is retained by memory. If the twoity thus born is
divested of all quality, it passes into the empty form of the
common substratum of all twoities. And it is . . . this empty
form, which is the fundamental intuition of mathematics.�

�[The] intuition of two-oneness creates not only the numbers one
and two, but also all �nite ordinal numbers, inasmuch as one of
the elements of the two-oneness may be thought of as a new
two-oneness, which process may be repeated inde�nitely; this
gives rise still further to the smallest in�nite ordinal number ω.�
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The second act

�Admitting two ways of creating new mathematical entities:
�rstly in the shape of more or less freely proceeding in�nite
sequences of mathematical entities previously acquired . . . ;
secondly in the shape of mathematical species, i.e. properties
supposable for mathematical entities previously acquired,
satisfying the condition that if they hold for a certain
mathematical entity, they also hold for all mathematical entities
which have been de�ned to be `equal' to it . . . .�

The second act is to allow the creation of free choice sequences
of mathematical objects previously created. This is the basis of
the intuitionist continuum.
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Brouwer on mathematical objects

�[A]ll mathematical sets of units which are entitled to that name
can be developed out of the fundamental intuition, and this can
only be done by combining a �nite number of times the two
operations: `to create a �nite ordinal number' and `to create the
in�nite ordinal number ω' �

�For this reason the intuitionist can never feel assured of the
exactness of a mathematical theory by such guarantees as the
proof of its being noncontradictory, the possibility of de�ning its
concepts by a �nite number of words. �
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Mathematical existence: the logicist view(s)

Logicist: mostly platonist. Mathematics describes timeless,
non-physical objects (numbers, propositions and the like). We
know about these object directly through our intellect, without
any sensory experience. But they exist independently of our
minds.
This is pretty much the tacit position of the working
mathematician.
Vienna Circle (Carnap) replaces timeless objects with linguistic
convention.
This turn makes Ramsey's justi�cations for the axioms of choice
and in�nity inaccessible.
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Mathematical existence: the formalist view

Formalism: mathematics has no special object, only a special
method, formal deduction. Applicability and application are a
matter outside mathematics, therefore the metaphysical nature
of the objects of our theories is irrelevant to mathematics.
�Existence in mathematics is nothing but consistency� (Hilbert);
consistent (�rst-order) theories have models and that's all we
need.
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Brouwer's example of the opposition between the
intuitionist and the formalist

�Let us now consider the concept: `denumerably in�nite ordinal
number.' From the fact that this concept has a clear and
well-de�ned meaning for both formalist and intuitionist, the
former infers the right to create the `set of all denumerably
in�nite ordinal numbers', the power of which he calls ℵ1, a right
not recognized by the intuitionist. Because it is possible to argue
to the satisfaction of both formalist and intuitionist, �rst, that
denumerably in�nite sets of denumerably in�nite ordinal
numbers can be built up in various ways, and second, that for
every such set it is possible to assign a denumerably in�nite
ordinal number, not belonging to this set, the formalist
concludes: `ℵ1 > ℵ0 ',a proposition that has no meaning for the
intuitionist.�
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The role of logic

Logicist: There is a unique, true logic and it has a distinguished
role in the foundations of mathematics. Reliability of
mathematics must be based on the reliability of logic.

Formalist: all formal theories must contain derivation rules, and
some of the axioms are called logical axioms. However, their
choice is determined by reasons outside mathematics. Usually,
we apply some version of classical two-valued logic but there is
no mathematical necessity for this choice. Di�erent theories may
use di�erent logics.

Intuitionist: There is only one true logic, but it cannot include
LEM as a general law.

Brouwer about logic: �The . . . point of view that there are no
non-experienced truths and that logic is not an absolutely
reliable instrument to discover truths has found acceptance with
regard to mathematics much later than with regard to practical
life and to science.�
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Proof in intuitionist mathematics: the
BHK-interpretation

Intuitionist logic is a part of intuitionist mathematics. It studies
forms of proof, but has no distinguished role in the foundations
of mathematics. It belongs to the communication of our
mathematical constructions and not to the constructions
themselves.

The explanation of the intuitionist notion of proof (called
Brouwer�Heyting�Kolmogorov interpretation):

⊥ is not provable.

Proof of A ∧B consists of a proof of A and a proof of B.

Proof of A ∨B consists of a proof of A or a proof of B.

Proof of A → B is a construction which transforms any
proof of A into a proof of B.

Proof of ∃xA(x): presenting a member d of the domain and
proving A(d).
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Proof of A ∨B consists of a proof of A or a proof of B.

Proof of A → B is a construction which transforms any
proof of A into a proof of B.

Proof of ∃xA(x): presenting a member d of the domain and
proving A(d).
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The BHK-interpretation continued

Proof of ∀xA(x): a construction which transforms any proof
showing that d is a member of the domain into a proof of
A(d).

Proof of ¬A: proof of A →⊥.
B�H�K interpretation: Not a (formal) de�nition of the logical
constants of intuitionistic logic, but just an informal descripition
of their meaning because it is based on an informal notion of
construction.
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Intuitionist logic: basic di�erences from classical logic

Intuitionist propositional logic resp. predicate logic is a
subsystem of classical propositional/�rst-order predicate logic
(without identity). Main di�erence: LEM is not generally valid.

If P (x) expresses a decidable property (say `x is a prime
number'), then ∀x(P (x) ∨ ¬P (x)) holds. Consider the following
property:

A(x) ⇐⇒def ∃y∃z(P (y) ∧ P (z) ∧ 2x = y + z)

is decidable again, therefore ∀x(A(x) ∨ ¬A(x)) holds, too. But
∀xA(x) ∨ ¬∀xA(x) does not hold because we don't know
whether Goldbach's conjecture is true or not and therefore we
are not in the position to assert either member of the
disjunction.

Another example: B(x) ⇐⇒def ∃y(y > x ∧ P (y) ∧ P (y + 2)) is
not a decidable predicate. Therefore ∀x(B(x) ∨ ¬B(x)) does not
hold.
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Intuitionist logic: di�erences continued

Double negation deletion law (¬¬A → A) does not hold (but
the converse does).

Propositions S for which ¬¬S → S is demonstrable are called
stable.

Indirect refutation

((A → B) ∧ (A → ¬B)) → ¬A

holds.
But indirect proof

((¬A → B) ∧ (¬A → ¬B)) → A

is not generally valid.
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Consistency, semantics

Glivenko's theorem (1929): A is provable in classical
propositional logic i� ¬¬A is provable in intuitionist
propositional logic.

With predicate logic, the situation is a bit more di�cult, but
there is a negative translation function g from classical
�rst-order logic (FOL) to intuitionist predicate logic s.t. for any
�rst-order formula A, FOL proves A ↔ g(A), intuitionist
predicate logic proves g(A) ↔ ¬¬g(A) and if FOL proves A,
then intuitionist predicate logic proves g(A).

Consequence: FOL and intuitionist predicate logic are
equiconsistent.

Intuitionist logic has several di�erent semantics. Perhaps the
most important of these are the Kripke-structures, with
soundness and completeness theorems. In the case of
propositional logic: Kripke-structures are trees and nodes of a
branch of a tree represent (roughly) successive states of research.
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