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The things in different spacetime points are ab ovo different.
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At the same time, physics uses such phrases as 
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something is constant
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changes
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the gradient of ...
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etc.
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space-like 

separated


Parallel transportation 1n Minkowski spacetime

\
1< PARHMUZA Mos  ELTOLAS A IVKOWSK] - TERREN
We use the concept of straight line
FzLupaszpaL I AR FoYFEnEsEeeT !
Y% ~
- arbitrary curve
y &/ TETSZ2OLECES
V ped cseaE
straight line
e FOYE v E
How to do the same in a pseudo-Riemannian space? \ ’
Heora MEGY £2 FEcY PR2upne-EIENRUL TERAEN
\ Why complicate lJ‘fe'> Isn't it p0551ble that spacetlme is also globally
D, TBLOTT TOVABR RouYoLITIUK A2 ELETET L£6Y
) Minkwoskian? .
RERDES : VEM LEHET} HOFT A 'rér:‘.ir)c:' GLORALISAN (8

‘ -~
n i\ \’J-(f'\\\!..{. lz’. ! ,‘

IN THE LECTURE, INSTEAD, I GAVE THE
S( il N ~ 13C0O EXAMPLE OF THE GPS SYSTEM.
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Parallel transportation in Minkowski spacetime
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We use the concept of straight line
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arbitrary curve

lalo
Typewriter
straight line
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How to do the same in a pseudo-Riemannian space?
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Why complicate life? Isn't it possible that spacetime is also globally

 Minkwoskian?
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IN THE LECTURE,INSTEAD, I GAVE THE 
EXAMPLE OF THE GPS SYSTEM.


Geodesics

C‘E’.f DET

1.0 &

In Minkowski spacetime,
extremal.length 2

D‘Ek'wd wS .|

!

Y

SEHID O X RAB e K RIRY

~TEELAE O

’ \
oRBEXK

a straight line between two pints is the curve of

A2
o= g |
IVHOSS 20 SAEU

1%

TECIDCLRAEN

E L \1£' \' E_.\:

Az

Fouvs

RET
SOERE,

a

RoseT

Similaly, in a pseudo-Riemannian spacetime, a "straight }ine" is defined as a
e ¢ L

EGYEwEs '

LECYEN A  BEODNEN KOS SORRBE ~ AZWNZ
y . ’ . -
A% EXTEEMALLY | VHOSSZO! AFL Y 2% )
Te ,
A ) . :{é
.//‘.. '( \ n':'\,
By e Cule) Y(E) )T =
l‘.:" - . ) b 9 \ ,.‘ " .‘ ’ .
//‘ E
k’_ ~ --—f—ﬁ.__".;_ - I
¢ '
(g i drr
=) 9. 5= Z— A
> L3 Z ¢ 2 9
/ N QD '\
.,\H’ ﬁ ‘k-' ) . s — — Py
‘ . ']. - \ D .\ e
"1 . ? oj
From the Euler-Lagrange equations:
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Geodesics
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In Minkowski spacetime, a straight line between two pints is the curve of
extremal length.
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Similaly, in a pseudo-Riemannian spacetime, a "straight line" is defined as a 
curve of exremal length:
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From the Euler-Lagrange equations:


HF

Exercise: the derivation
.IL'ME". N LEvezeT vl A, &G EODETIKUS
BN WETE
— - ————— — —— P —— "
1
“ & A :
. i bar /5 \ O y T 2
d. A7, -.4\*“‘/‘-5/?,‘; ©9 Vg, ¢ & y 4
i .'J;. :. ‘3 e : {‘ _éf'"! - .’;'ﬂ i . T - .-
| 2% 29 ) \Qu, T T 5, /dr o2
L 4. ’:3, I(.', J &‘.,-
‘:# » A -Eq/. . ’_..
; - - < <t = ¢
;"- /0 - . xd
: /S A\ 2
( A4, This term is zero if \tau is chosen to
~ be a linear function of the length of
" A the curve (affine parameter)
i PREAMETEENEK A2 |VHOSS2AT VAGTY ARNVMAIK
- — . . = R o an "\
A f EVe NYE ) At IN FAECAMETEECG
- S, " - " !
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Exercise: the derivation
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This term is zero if \tau is chosen to
be a linear function of the length of 
the curve (affine parameter)


The close relationship between the concepts of directional derivative

L |RANYHMEVT!I ©OERLWARLAS E v PARKUZAMC
_and parallel transportation \
- g 4 ~-f.-y- t,'ly"*"’t

=, (1 - -

In Minkowski spacetime

- » L
P fEa | ol R A ] N
# X 4+ T WL
v . . =
’
Obviously, a vector field is parallel along a curve \gamma if
FLRE YL " ‘ LX e (O ME %7 FPAEHDO AN FLOS
B0 O LG e T el LA
v . — §

Also, a curve is a straight line if

\ ‘.- -; n [ 5 q 2 { 44
L
.t-.‘.‘ = C
. 2 .
In view of these facts:
[ 3 LY F " = ‘ - - - -
! e v . L — - ey U “\: AR |4 | A L L 8 - ot
5
e A . FOL 1 & L ). gO- T L,
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The close relationship between the concepts of directional derivative


and parallel transportation
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In Minkowski spacetime
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Obviously, a vector field
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is parallel along a curve \gamma if 
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Also, a curve is a straight line if 
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In view of these facts:


& Abstract definition of covariant derivative:

C-' ' |. ‘:";‘:.’,‘_.I:‘ .,&‘ \_-. T\:_: ,J_.‘.‘\.' i _3(,[:‘\7- ~ N
-4 N \
' 2 . .',l . ' >
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\\., 4 » - - ‘_} - - - -
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AV f \ . —
fl AL+ v "_ 4_ . \ / \
. - £ (
~ = = -
||. \ \I A \
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\
.\‘- \r
\ '_"'r - - t. :

X 'ﬂ_ V e S ! E Y

the components of a connenction

9‘1 ® (T-c.'.'s r v (Y
- x"(ﬁ}?-* % a..‘r"‘)
-
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Abstract definition of covariant derivative:
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geodesic
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the components of a connenction


X4 }“; ¥ Yh>‘b\\..-

where we introduce:

| @
-
v?'. | _4-‘ e

so called Christoffel symbols
!"" ST+ & - s\iyhg{j“qf'r,'

It follows from the definition thatyparallel transportatlon moves

A e e .
\ IA "lrfc--A—} s ‘E-".l‘1f\ ‘\FFJ\"'. %, ‘m\‘+‘
- the tangent vector of a geodesic curve into a tangent vector of the
EJJ/ O Ues ¢'ﬂ 1; *1!"' ""{ ¢ =y
, e & ¥ ErY N o (O
curve. : —— § CEODETIKUS
- W f ‘ \
o || A g N e e ) \ ~ -
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= .‘\ = L S lf‘.:;-.\ 1 =N =N ‘j’ Y a t -??._“.."-. e A "“\!
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where we introduce:
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so called Christoffel symbols
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It follows from the definition that parallel transportation moves 

the tangent vector of a geodesic curve into a tangent vector of the

curve.
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That is,
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for a geodesic:
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In components:


- T \ Pa F
. f/d) g - AY " LY
= - - o -+ | —_—
- U . T g ¢ ,-l T 4
n—.’
A . =
Y A — ’\\‘. - Bt | - 7
A -
| . _';L ‘ - e o
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| &
p—
Comparing this with the equation of geodesic,
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- { . W4 :\ ! £ A -
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- * Ay, > 8
e T - A U .. - s 1 ?
B |
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-
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X Y

In this case we say:
it i1s an affine connection
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Comparing this with the equation of geodesic,
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we have:
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Notice that
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Therefore,
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In this case we say:
it is an affine connection


Commutator of vector fields

\I'F. KT ORMEZEC K, LOMMUO TATORA

X . YePCm) | Le FM)

)

(X, Y1 e r(Tn)
X(YCE)) = Y(X($)) '

In components: ,
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Exercise: ' Show that S . ig_ﬁOT a-vector field.
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Commutator of vector fields
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In components:
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Exercise:               Show that 
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is NOT a vector field.


Y. ELakDA‘i N
T; N=O o n Tensors

The definition of type-(p,q) tensor (p times covariant, g times contravariant)

P-S2EC LovmeiAaws 9~ SZoR KowTRAvVARIENS
Ti{Pusy TELVZoR OEFIVIClo tA:

cotangent space at point x

¥ \
Tx ™ KOTAVUECENS . TER A2 x &M PrusRAN

T, ™ TANGE LS - T2 @2 —~ -

tangent space at point x

type-(p,q) tensor at point x

e '(.Pha') ’
| 6-( ~ M QP..‘\,) -TIPUSO TELZOE —u -~

T.: T.ﬁ'H » T;"Hx...x_[jfﬂ x‘r‘:Hx ___XT“H -":? lR,
R ™ — l w‘

c' DARAR w SR

ISX!) xP . ’.J,' w%) & IR )G.“...XPGT;H
ULTI-LINMEARIS: Am e R Wa ... W € TN

T'(_/ﬂ) w AX t ] X;_ X, Wy W, ) -

QT(X/’:’X; XP)Q.M = w$)+/lTCX4 X.:. _)(r’w'%\

similarly for all arguments
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Tensors
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The definition of type-(p,q) tensor (p times covariant, q times contravariant)
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cotangent space at point x
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tangent space at point x
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type-(p,q) tensor at point x
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multi-linear
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similarly for all arguments


)
(pg-qf ) -TiPose TEVZOROIE pyALAB3IA:
bundle of tensors of type- (p,q)
T(.P.%) M e LI T(rivH
‘CH w 2
A section of this bundle is called tensorfield
Foose s2ELES8B1 A TENVBoEMERSK.
The tensor product of two ,,HE'?O"! co—ector (l—fowm) Eieleid
... P \
Ke1 K-OV'LK-!OE\/(T- PoLHA) TENZORLALLIS
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bundle of tensors of type-(p,q)
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A section of this bundle is called tensorfield
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The tensor product of two 
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co-vector (1-form) fields:
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It is obviously multi-linear.
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Similarly:
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.94 ) -1 1PUS O TEVZOLO MAGUK 'S

L.t n Ep‘.&l S TERET ALgorTnorL. The tensors themselve constitute a linear
space.
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A z b 4 k

(}\‘ Ta + /*TZ.)(.KA XP‘CO‘ gd%>=

- A T4(XA-~- (_.Jq/\ +/*7?(><’A ah wq’.>‘

Let ) be a basis in

- ) . .y - " anq . % be the dual]lbasis.
LYGCTEN I . az\Sil| M &EN £ S F A

OLALLS A,

is a basis in

” 1.
PAZ1S

1'"( T ™M) - e
For example '

'L, ™ GTQ“("") |‘1)
T(X‘w>= T.(beA , W Eif) = xlbwr T‘(EQ,E*VT
- T-(E oy E_*r) EM (X>'E1-<w) ':<T.CEA. E 1->.E‘I-lb® EA(K\*

ALTALABAN TEMAT Thus, in genera:

. : %, %, -
‘i £, EUio-ptia ). B ‘PeE. ®..0F
\ Te T(E, ..E  Bh-g »)-E “&..6E eE; ®.& 'M/

Lr’



lalo
Typewriter
The tensors themselve constitute a linear
space.
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Let
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be  a basis in
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and
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be the dual basis.
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is a basis in
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Thus, in genera:


Extending covarian derivation for tensors: 4“\\\

Ko vaedus OELIVALAS KaTERNES 2TESE:

xe T(T*M) | x Y,elTh)

.-_-.(_vxx.)(\{) + x(Z.\)

which implies:
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Extending covarian derivation for tensors:
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which implies:


TE T-(T DRV \
7 (TCv, @) X(TCrw)) =

o \qf"\_/XT XY, o) + T(YQ') w) +TCY, T;w \

Therefore,
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Example:
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Consider an arbitrary type (p,qg) tensor:
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So,
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Consider an arbitrary type-(p,q) tensor:

lalo
Typewriter
In coordinates:


Exercise:

to continue
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Exercise: to continue
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\ 'go\-° Eorvos L. «4&,2 Y,

. ELO

Curvature -- what remains of gravitational field?

50"Abé’4£7’l AVAEY HovA TwT
A GRAWTACI0S ME3O !

Is gravitational force a real force or a pseudo-force?

Ere vmey PSEvoE- ERS A ERAUITACIS .

ineve,

'
\
If , . .
‘ / m . 1s not identical fof all
Ha “  uem Adoms

' 7 = ’ er materials, then

‘—-—.—- " . the "vertical" direction must be differeﬂnt
HiIvoEn ALYA CRA

' for different materialsly >
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JRA'RY (S KoLowBé?o

Eotyds' expgriment says: this is not the case
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Curvature -- what remains of gravitational field?
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Is gravitational force a real force or a pseudo-force?
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If 
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is not identical for all 
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materials, then
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the "vertical" direction must be different
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for different materials!
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Eötvös' experiment says: this is not the case


One can obs%rve g%av1tatlonal force only in an "‘\\\\\
Gen VITACt0s ERCT CSsAx GEYORSOLe

Slddetier referencogframe,; TSR ot S0k frame
VOWAT KO2TATA ST RENDSIERBEL"LATIMK,
INERCIA RENDIERBEN NENM'

Consequently there is no such a thlng as grav1tatlonal force!

TENAT BRAVITACI6s ERo NIncs.

What the inertial ob erver can detect is

ECy INERCIALIS MECFICYELS CSAK

the t}dal force, tha is the gradlent of the gravitational force field", that is
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One can observe gravitational force only in an 
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accelerating reference frame, but not in an inertial frame
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Consequently: there is no such a thing as gravitational force!
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What the inertial observer can detect is 
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the tidal force, that is the "gradient of the gravitational force field", that is
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the relative acceleration of the neighboring inertial bodies.
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Geodesics


N

Geodesic deviation

. GFECDETIRUS - DEVIACIO |
(V€ A(¢,2) V=R, #)

One parggneter family gf time-like geodesics
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Geodesic deviation
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One parameter family of time-like geodesics
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Notice that
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separation vector
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the part of Z that is 
orthogonal to V


Relative acceleration:
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Relative acceleration:
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But,
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Therefore,
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We define the curvature operator

MEvERETIOKR A EORBCLET! OCPERATLRT

ROYY)Z= U 9,2-992-7 2

4

@ by means of which

a, = - R(x2,Vv)V
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Gravitation Manifeitation of the curvature of spacetime
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Rleory of gr'avitat'on Theory' of the st;f'uctur (geometry)
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Thus,
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We define the curvature operator
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by means of which 
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No garvitational field!
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Gravitation
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Manifestation of the curvature of spacetime
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Theory of gravitation
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Theory of the structur (geometry)
                    of spacetime


A B o _ | : Topology of Spacetime
S TECIDe TOVOLO & !1ATA
&) \ 4-dimensional manifold
\
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r " ) type (2,0), symmetric tensor field
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covariant derivation
Now we turn to the manifold itself: What does it look like?
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Topology of Spacetime
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4-dimensional manifold
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type-(2,0) symmetric tensor field
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so far we have been concerned with g
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Locally Minkowskian

lalo
Typewriter
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principle
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covariant derivation
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deviations
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curvature
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gravitation
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Now we turn to the manifold itself: What does it look like?


é lUTEC&e‘L.ﬂ'S PSEVDO ~ Rse.MNN SOKASAFEN,

Integral on a pseudo-Riemannian manifold
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Integral on a pseudo-Riemannian manifold
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determinant of the partial derivative matrix
(Jacobian determinant)
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given that the sum is finite! 
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It must be clear that the volume integral is meaningful only if
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is positive everywhere in
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A manifold is said to be oriantable if it has an atlas such that 
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for all
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For example, a Möbius strip is NOT orientable
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Spacetime must be an orientable manifold!
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A manifold is connected if any two points can be connected 
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by a smooth curve.
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Spacetime is connected!
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A connected Pseudo-Riemannian manifold is time-oriented 

lalo
Typewriter
if  

lalo
Typewriter
has two conncted comonents
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Spcetime is a time-oriented manifold
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Obviously, if there exist a non-degenerate time-like vector field on the manifold
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Thus, spacetime is a connected 4-diemsional oriented and time-oriented
pseudo-Riemannian differentiable manifold with an affine connection.
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defines a time-orientable structure

lalo
Typewriter
Thus, spacetime is a connected 4-diemsional oriented and time-oriented 
pseudo-Riemannian differentiable manifold with an affine connection. 
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Equivalence of two models of spacetime
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Exercise: express it in components
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Pull-back of a tensor:
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One parameter group of transformations: 
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differentiable in "t"
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Local one-parameter flow, generated by a vector field:
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Lie derivative
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Obvious properties:

lalo
Typewriter
Preserves the type of a tensor
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Linear and preserves the contraction
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Satisfies the Leibnitz rule:
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is a Killing vector filed if
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"sharp" operator

lalo
Typewriter
"flat" operator


Two tensors are physically equivalent if they are connected through
sharp of flat operations
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Two tensors are physically equivalent if they are connected through 
sharp of flat operations
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Elementari properties of curvature (operator):
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Curvature tensor:


Riccil tensor is
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= a symmetric type-(2,0) tensor,
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Ricci tensor is
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a symmetric type-(2,0) tensor, 
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which is a contraction of R:
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Particle flow
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density of particles
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where D is a space-like region
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Energy-momentum tensor
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Energy-momentum tensor
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symmetric
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time-like vector field
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the energy measured by the local observer
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For examples, for a particle flow:
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For examples, for a particle flow:
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Einstein equations
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Justification:
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Newtonian limit
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simply works
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of second order in the metric tensor
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Gravitation becomes more and more strong with r --> 0
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it is a vacuum solution but not flat
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No escape!
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Further properties \
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Further properties
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constant
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are space-like 2-dimensional spheres
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of surface
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it is asymptotically flat
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In Newtonian limit:
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gravitational mass

lalo
Typewriter
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is a time-like Killing v. field
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static, that is
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Extension of a specetime

TE’L(D c;' KITEeg ?gstrésé‘ :

spacetime

(M) g ) TE e
(M) g') TEDS

is an extension of

i . if ther exists an
CN, j' ) (M, b | ) KtTER 9'£J'Zf£.$'é‘/ MA LETERIK
embedding such that

oL7An P H—> M sespmans | 66

90 *‘é? ,.=' g?.

~ f:% = Z/udoaq(fr-z/u)

z, Q‘; T, 9,?:) ‘agdoun - Fen kel stec.

gl:-' - (/f-— %’) Are Ao + LA ®

» ’f‘z (6(9@6(9 - Jc'«.zQ d?"@dﬁa

(o4 <o)



lalo
Typewriter
Extension of a specetime

lalo
Typewriter
spacetime

lalo
Typewriter
spacetime

lalo
Typewriter
is an extension of

lalo
Typewriter
if ther exists an

lalo
Typewriter
embedding

lalo
Typewriter
such that

lalo
Line

lalo
Typewriter
THE END


Z a2 Pl
F=0 f P ) x %M ),
s P(B) x .'1*(6.)

8L4CK /fozf

5{ P(H)x 'r(N)

TERINT $6 K MosT Bcﬁ /3 = r"(o Z/u)

ScwwareScniio Beack Koce .
"‘B, E{/.B ) TEeine




| ERINTSOR A dt &s L7 BAzns ROvERTDLOK
DOALISAIT.

/3* (5%5)’&(5?'):0
(%)=, () 2

Ne [T N = r“(Z/q,oo)

?/N ECY LorREANTZ- METRIKA N-'fu_

(N, 3/” ) Nogna'us §CHWﬁ2?£O(IAo-Tée:ac'S

.

D

St IDo - SEERL
N

3-. \ "

97T N TER~S2ERU

i )
GomaszimmereIRus VAL LN TEeind £

COMBE2 MMET Ry S M TOMeey TEST KéRGL.




Seér
" z(a--w)-.- mf#/@a (fr-z/‘)
v/
0‘,= e /“l
k/’= __e"‘ //f/'t
% e V. 4n=
X’= é‘l((f—w’
‘t,: {(V’{-W’)
\ (¢, %, 6,¢) (E)-(X) < 2m (
¥

g% = Fzéﬁx')édé’@df’ ¢d»<'®dx’)
++%2" x') (d@@dé’ + A4~ 0 O’P@d?’)

{ ‘L*f J » ) KRoskar ~ SLERERES  TEr 06

/




Tde maxima/ ana {[:‘c'c Sefwarz Schil/ol exlension

! v=0
('f‘ﬂj“/ﬁn’f'ér)

;€ i
‘ . \ w4 ye lonst
\ M_—/\yy/ —n".‘) 7',{_.-,._ t— c t
A\ KX v = Cons

. \ _—

\ \ o S— ,_t,‘ . / - / = J

Vo .: st > N k}h,-‘,— d / / | / -
- / / / -

i 4 - \\ F=
8 e Sy -1
| t —
e

¥ J

/ \\\ >x'
\\

\\ W..!\\ N

"
T N\

I xl> /‘éll AL SCHW. fr-)Z/.
Lvi x'D-¢! (h’,a’)
romr’ x'> ¢




d‘xz (ﬂ")- '[(o, oo)]
Nae 8%«
(M3 7Eeios.

& Gn D s (8 Je )- wEx ECrsicees.

Y= 2 c(M‘T/JI)
YhsovoAn (W, T o ¢ )
AL a (ut)1 (o, )]

ME = S*x X
(Hjﬁﬁ) Ahot

L ]
KRiTERIESLTESE

FENY ~S2ERS FECULER




